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ASYMPTOTIC GEOMETRY OF THE HITCHIN METRIC
RAFE MAZZEO, JAN SWOBODA, HARTMUT WEISS, AND FREDERIK WITT
Abstract. We study the asymptotics of the natural L2 metric on the
Hitchin moduli space with group G = SU(2). Our main result, which
addresses a detailed conjectural picture made by Gaiotto, Neitzke and
Moore [GMN], is that on the regular part of the Hitchin system, this
metric is well-approximated by the semiflat metric from [GMN]. We
prove that the asymptotic rate of convergence for gauged tangent vectors
to the moduli space has a precise polynomial expansion, and hence that
the difference between the two sets of metric coefficients in a certain
natural coordinate system also has polynomial decay. New work by
Dumas and Neitzke shows that the convergence is actually exponential
in directions tangent to the Hitchin section.
1. Introduction
In this paper we study the asymptotic geometry of the L2 (‘Weil-Petersson
type’) metric gL2 on the moduli space M2,d of irreducible solutions to the
Hitchin self-duality equations on a SU(2)-bundle E of degree d over a com-
pact Riemann surface X, modulo unitary gauge transformations. We often
refer to gL2 as the Hitchin metric onM2,d. The spaceM2,d can also be iden-
tified as the moduli space of stable Higgs bundles (A,Φ) modulo complex
gauge transformations, as well as the twisted character variety of irreducible
representations of π1(X) into SL(2,C) modulo conjugation. The fact that
gL2 is hyperka¨hler reflects these various realizations. All of this can be gen-
eralized to the situation where E has higher rank and carries a G-structure,
where G is any compact semisimple group. We treat here only the case
G = SU(2) and for simplicity also set d = 0 (the differences needed to handle
d ≠ 0 are minor). We denote the moduli space simply M.
Many topological and geometric properties of M are now understood,
and in the past few years a detailed picture has started to emerge about its
asymptotic geometric structure at infinity. A key role in this story is played
by the space M∞ of ‘limiting configurations’, consisting of the solutions of
a set of decoupled equations which arise as a limiting form of the Hitchin
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equations, again modulo unitary gauge transformations. There are proper
surjective mappings π ∶ M → B and π∞ ∶ M∞ → B onto the space of holo-
morphic quadratic differentials; each carries a Higgs bundle (A,Φ) to detΦ.
The subsetM′∞ of limiting configurations over the ‘free region’ B′ ⊂ B of qua-
dratic differentials with only simple zeroes was introduced in [MSWW14];
later, Mochizuki [Mo] extended the definition of limiting configurations to
include those also lying over the ‘discriminant locus’ Λ = B ∖B′. We denote
the preimage π−1(B′) by M′. There is a canonical diffeomorphism
(1) F ∶M′∞ Ð→M′
which we explain later. This diffeomorphism allows us to transfer functions,
vector fields and tensors from M′∞ to M′ and back. The maps π and π∞
are quadratic in the Higgs field, so the natural C× action on Higgs bundles
(A,Φ) satisfies π(A, tΦ) = t2 detΦ, and similarly for π∞. We consider here
only the restriction of this C× action to an R+ action. The space B′ is a cone
with respect to this (quadratic) action, whileM′∞ is ‘semi-conic’, i.e., it is a
bundle of tori over the cone B′ where the fibers along each R+ orbit are all
the same. Limiting configurations are one of the two building blocks for the
construction of diverging families of solutions in M′ [MSWW14] (the other
is the family of fiducial solutions, cf. §4.)
Entirely distinct from those developments, motivated by supersymmet-
ric quantum field theory, a beautiful conjectural picture of the asymptotic
geometry of M has been established in the monumental work by Gaiotto,
Moore and Neitzke [GMN]. These authors develop the formalism of spectral
networks on Riemann surfaces, out of which they construct a hyperka¨hler
metric gGMN onM which they conjecture to be precisely equal to the metric
gL2 . The short survey paper by Neitzke [Ne] contains an overview of this
construction. Part of their story involves a simpler hyperka¨hler metric gsf
onM′, called the semiflat metric, which is canonically associated to the un-
derlying algebraic completely integrable system structure. They show that
it is a good approximation to gGMN in the sense that
gGMN ∼ gsf +O(e−βt).
The error term is a symmetric two-tensor whose norm with respect to gsf
decays at the stated rate, where we are identifying the dilation parameter t
as a radial variable onM′, and the exponential decay rate β depends on the
particular R+ orbit and degenerates as this ray converges to B ∖ B′. (There
is a precise conjectured formula for β which we do not state here.)
These two points of view lead to the challenge of understanding the
Gaiotto-Moore-Neitzke metric and its relationship to gL2 . This is the goal
of the present paper. In more detail, we have two main results.
Theorem 1.1. The pullback F∗gsf of the semiflat metric toM′∞ is a renor-
malized L2 metric on M′∞.
The diffeomorphism F can be defined via the Kobayashi-Hitchin cor-
respondence, since points on M′ and M′∞ are each associated to unique
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points of the complex gauge group orbit (modulo the real gauge group).
Alternately, at least outside of a large ball, it can also be defined via the
construction in [MSWW14] of ‘large’ solutions to the Hitchin equations.
Furthermore, there are natural maps from T ∗B′/Γ to both M′ and M′∞.
Here Γ is a certain local system of lattices over B′ which can be described
either cohomologically or using the algebraic completely integrable system
structure onM. Thus all three spaces are naturally identified and it is more
or less a matter of taste which one of these one considers the most funda-
mental. Both T ∗B′/Γ and M′∞ have more obvious coordinates, and these
induce coordinates on M′. It is in terms of these that we write the metric
coefficients for gL2 and gsf later. Our second result quantifies the sense in
which these are close:
Theorem 1.2. There is a convergent series expansion
gL2 = gsf +
∞
∑
j=0
t(4−j)/3Gj +O(e−βt)
as t →∞, where each Gj is a dilation-invariant symmetric two-tensor. The
rate β > 0 of exponential decrease of the remainder is uniform in any closed
dilation-invariant sector W ⊂M′∞ disjoint from π−1∞ (B ∖ B′).
The terms in this series are all lower order, including those with positive
powers of t. Indeed, the semi-conic nature of gsf means that its horizontal
metric coefficients (relative to π∞) grow like t
2, and the Gj with j ≤ 4 are
only nonvanishing in those directions.
Throughout this article we say that a tensor G on M′∞ is polynomial in
t if it has the form G = tαG′ for some real number α, where G′ is dilation
invariant, or slightly more generally, if it has a convergent expansion in terms
of such monomial terms.
Remark. The polynomial correction terms in Theorem 1.2 arise in a natural
way. The calculations which produce gauged tangent vectors to the moduli
space and the corresponding metric coefficients lead to expressions of the
form
∫
D
f(t2/3z) q˙
q
where q and q˙ are holomorphic quadratic differentials, z is a local holomor-
phic coordinate in a disk D centered at a zero of q, and f is a C∞ function
which decays exponentially in its argument, or more generally, a convergent
sum of such functions. The quotient q˙/q is meromorphic in z with a simple
pole at z = 0 (provided q has simple zeroes and q˙ does not vanish at these
zeroes). A simple calculation shows that these integrals lead to asymptotic
expressions in t as above. The precise calculations appear in Sections 5 and
later.
In light of the prediction that gL2 − gsf decays exponentially in t, it is of
considerable interest to determine whether any of these polynomial correc-
tion terms Gj are nonzero. Although the basic strategy and many of the
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technical aspects of this paper were understood by us two or three years
ago, it was written slowly and its final release was delayed for some months
as we investigated the sharpness of our results. Around the time this pa-
per was posted, David Dumas and Andy Neitzke announced some further
progress, which has just now appeared [DN]. In this, they explain a remark-
able cancellation that takes place in the difference of metric coefficients in
‘horizontal’ directions tangent to the Hitchin section. This is then trans-
fered to show the exponential convergence of the horizontal components of
gL2 to g on the Hitchin section over a general compact Riemann surface X.
This is accomplished with careful attention to the rate of exponential decay,
but unfortunately they miss the conjectured sharp numerical value of this
rate by a factor of 2. Their result has successfully been extended to the
entire space M′, including non-horizontal directions and the region off of
the Hitchin section, in the very recent preprint [Fr18] by Laura Fredrickson.
The techniques of the present paper lead to a number of other interesting
results, and we hope the approach developed here will be useful in a number
of related problems.
We note in particular that even though the relative decay rate of the
metric asymptotics has now been proven to be exponential everywhere on
M′, one sees, using Proposition 6.1 below, that gauged tangent vectors
themselves converge to their limits only at a polynomial rate.
The terminology and basic definitions needed to fill out the brief discus-
sion above will be presented in the next two sections. Following that, we
study the deformations of the space of limiting configurations and prove
Theorem 1.1. On the actual moduli space, one of the main technical issues
is to put infinitesimal deformations of a given solution into gauge. The spe-
cial types of fields encountered here which arise in this gauge-fixing require
some novel mapping properties of the inverse of the ‘gauge-fixing operator’
Lt. These are proved in §5. The remaining sections use this to systemati-
cally compute the metric coefficients in various directions, which establishes
Theorem 1.2.
The authors wish to extend their thanks to a number of people with whom
we had very helpful conversations. The two who should be singled out are
Nigel Hitchin and Andy Neitzke, both of whom contributed substantially,
both in terms of encouragement and their very thoughtful advice at vari-
ous stages. We also thank Laura Fredrickson and Sergei Gukov for many
insightful remarks and Steven Rayan for a very thorough reading of a first
draft of the paper. Finally, we are also extremely grateful to the referee for
an extraordinarily detailed report which led to many clarifications of the
text, and also for pointing out the reference [DH].
2. Preliminaries on the Hitchin system
We begin by recalling some parts of the theory of SL(2,C) Higgs bundles,
developed initially in Hitchin in [Hi87a] and subsequently extended by very
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many authors. The moduli space of stable Higgs bundles carries a rich geo-
metric structure, including a natural hyperka¨hler structure arising from its
gauge theoretic interpretation as a hyperka¨hler quotient [HKLR]. It is also
an algebraic completely integrable system [Hi87a, Hi87b], and hence a dense
open set (the so-called regular set) is endowed with a semiflat hyperka¨hler
metric [Fr]. We explain all of this now.
2.1. The moduli space of Higgs bundles. Let X be a compact Riemann
surface of genus γ ≥ 2, KX its canonical bundle, and p ∶ E → X a complex
rank 2 vector bundle over X. A holomorphic structure on E is equiva-
lent to a Cauchy-Riemann operator ∂¯ ∶ Ω0(E) → Ω0,1(E), so we think of a
holomorphic vector bundle as a pair (E, ∂¯). A Higgs field Φ is an element
Φ ∈ H0(X,End(E) ⊗KX), i.e., a holomorphic section of End(E) twisted
by the canonical bundle. An SL(2,C) Higgs bundle is a triple (E, ∂¯,Φ) for
which the determinant line bundle detE ∶= Λ2E is holomorphically trivial, in
particular degE = 0, and the Higgs field Φ is traceless. Thus, with End0(E)
the bundle of tracefree endomorphisms of E, Φ ∈H0(X,End0(E)⊗KX). In
the sequel, a Higgs bundle will always refer to this special situation. Thus
a Higgs bundle is completely specified by a pair (∂¯,Φ). Throughout, Higgs
bundles are considered exclusively on the fixed complex vector bundle E of
degree 0, which will therefore be suppressed from our notation.
The special complex gauge group Gc consisting of automorphisms of E of
unit determinant acts on Higgs bundles by (∂¯,Φ)↦ (g−1 ○ ∂¯ ○g, g−1Φg). The
quotient by this action is not well-behaved unless restricted to the subset of
stable Higgs bundles. When degE vanishes, a Higgs bundle (∂¯,Φ) is called
stable if any Φ-invariant subbundle L, i.e., one for which Φ(L) ⊂ L ⊗KX ,
has degL < 0. Note that if ∂¯ is stable in the usual sense, then (∂¯,Φ) is a
stable Higgs bundle for any choice of Φ. We call
M= {stable Higgs bundles}/Gc
the moduli space of Higgs bundles. This is a smooth complex manifold of
dimension 6(γ −1). Furthermore, if N denotes the (smooth quasi-projective
manifold) of stable holomorphic structures on E, then T ∗N embeds as an
open dense subset of M. The tangent space to M at an equivalence class[(∂¯,Φ)] fits into the exact sequence [Ni]
H0(End0(E)) Ð→H0(End0(E)⊗KX)Ð→ T[(∂¯,Φ)]M
Ð→H1(End0(E)) Ð→H1(End0(E) ⊗KX).
We use here the abbreviated notation Hj(F ) for Hj(X,F ). The holomor-
phic structure on End0(E) is inherited from the one on E, and the maps
Hj(End0(E)) → Hj(End0(E) ⊗ KX) are induced by [Φ, ⋅] acting on the
sheaf of holomorphic sections of End0(E). The restriction of the natu-
ral nondegenerate pairing H0(End0(E)⊗KX) ×H1(End0(E)) → C coming
from Serre duality gives rise to a holomorphic symplectic form η on M
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which extends the natural complex symplectic form of T ∗N . Note also that
H0(End0(E)) ≅H1(End0(E)⊗KX) = 0 if ∂¯ is stable.
2.2. Algebraic integrable systems. We next exhibit on the complex
symplectic manifold (M, η) the structure of an algebraic integrable sys-
tem [Hi87a, Hi87b]. Let B = H0(K2X) denote the space of holomorphic
quadratic differentials, and Λ ⊂ B the discriminant locus, consisting of holo-
morphic quadratic differentials for which at least one zero is not simple.
This is a closed subvariety which is invariant under the multiplicative action
of C×, and hence B′ ∶= B ∖Λ is an open dense subset of B.
The determinant is invariant under conjugation, hence descends to a holo-
morphic map
det ∶M → B, [(∂¯,Φ)]↦ detΦ,
called theHitchin fibration [Hi87a]. This map is proper and surjective. It can
be shown that there exist 3(γ − 3) linearly independent functions on M′ ∶=
det−1(B′) which commute with respect to the Poisson bracket corresponding
to the holomorphic symplectic form η. Hence,M′ is a completely integrable
system over this set of regular values, cf. [GS, Section 44] and [Fr]. In
particular, generic fibers of det are affine tori. Identifying T ∗q B′ with the
invariant vector fields onM′q yields a transitive action on the fibers by taking
the time-1 map of the flow generated by these vector fields. The kernel Γq is a
full rank lattice in T ∗q B′ (i.e., its R-linear span equals T ∗q B′), and Γ = ⋃q∈B′ Γq
is a local system over B′. This gives an analytic family of complex tori
A = T ∗B′/Γ. Since Γ is complex Lagrangian for the holomorphic symplectic
form ωT ∗B′ , this form descends to a holomorphic symplectic form ηˆ on A.
We now and henceforth fix a holomorphic square root
Θ =K1/2X
of the canonical bundle. We then define the Hitchin section of M by
H ∶ B →M, H(q) = [(∂¯Θ⊕Θ∗ ,Φq)] , where Φq = (0 −q1 0 ) .
Then H(B′) is complex Lagrangian: H∗η = 0, since only Φ varies. This
gives a local symplectomorphism between (T ∗B′, ωT ∗B′) and (M′, η). On
each fiber, this is the Albanese mapping determined by the pointH(q) ∈ M′q.
We must also identify the affine complex torus M′q algebraically; this turns
out to be a subvariety of the Jacobian of the related Riemann surface
Sq = {α ∈KX ∣ α2 = q(p(α))} ⊂KX .
called the spectral curve associated to q. Since the zeroes of q are simple,
pq ∶= p∣Sq ∶ Sq → X is a twofold covering between smooth curves with simple
branch points at the zeroes of q, hence by the Riemann-Hurwitz formula,
Sq has genus 4γ − 3. We think of points of Sq as the eigenvalues of Φ (this
explains the name spectral curve).
We summarize this discussion in the
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Proposition 2.1. There is a symplectomorphism between (M′, η) and (A, ηˆ)
which intertwines the C× action on the two spaces.
Remark. Note that the implicit C× action on T ∗B′ here is not the standard
pullback action. The one here dilates the base but acts trivially on the fibers.
Another important fact is that the C× action identifies the fibers M′q and
M′
t2q
for every t ∈ C×.
There is a more intrinsic description of this picture using the holomorphic
Liouville form λ ∈ Ω1(KX), λα(v) = α(p∗v) for any α ∈ KX , v ∈ TαKX . Its
pullback by the inclusion map ιq ∶ Sq →KX is the Seiberg-Witten differential
on Sq,
λSW(q) ∶= ι∗qλ ∈H0(KSq) ≅H1,0(Sq),
which in particular is a closed form. If q is clear from the context, we
simply write λSW. Now denote by σq the involution of Sq obtained by
restricting the map σ which is multiplication by −1 on the fibers of KX .
Then σ∗q (±λSW(q)) = ∓λSW(q) are the two “eigenforms” of p∗qΦ ∶ p∗qE →
p∗qE ⊗ p∗qKX . The two corresponding holomorphic line eigenbundles L±
of p∗qE are interchanged under σq. Since L+ ⊗ L− ≅ p∗qK−1X we see that
σ∗qL+ ≅ L−1+ ⊗ p∗qK−1X . Twisting by Θq = p∗qΘ we see that σq(L+ ⊗ Θq) =(L+ ⊗ Θq)−1, i.e., L+ ⊗ Θq lies in what we call the Prym-Picard variety
PPrym(Sq) = {L ∈ Pic(Sq) ∣ σ∗L = L∗}.
Summarizing, any Higgs bundle (∂¯,Φ) with detΦ ∈ B′ induces a pair(Sq,L+) with L+ ⊗Θq ∈ PPrym(Sq). Conversely, (∂¯,Φ) with q = detΦ ∈ B′
can be recovered from a line bundle in PPrym(Sq). Consequently, the choice
of square root Θq =K1/2X identifies M′q biholomorphically with PPrym(Sq).
This, in turn, gets identified via the Hitchin section with its Albanese va-
riety H0(KPPrym(Sq))∗/H1(PPrym(Sq);Z). This shows that M′ → B′ is an
algebraic integrable system.
2.3. The special Ka¨hler metric. A Ka¨hler manifold (M2m, ω, I) is called
special Ka¨hler if there exists a flat, symplectic, torsionfree connection ∇ such
that, regarding I as a TM -valued 1-form, d∇I = 0. The basic reference for
special Ka¨hler metrics is [Fr], and see [HHP] for the case of Hitchin systems.
The analytic family of spectral curves S = ⋃q∈B′ Sq → B′ induces a special
Ka¨hler metric on B′. To see this, first identify the Albanese varieties of the
previous section with
Prym(Sq) ∶=H0(KSq)∗odd/H1(Sq;Z)odd
whereH0(KSq)odd andH1(Sq;Z)odd denote the (−1)-eigenspaces ofH0(KSq)
and H1(Sq;Z) under the involution σ, cf. [BL, Proposition 12.4.2]. More-
over, considering B′ as the σ-invariant deformation space of a given spectral
curve Sq, we have TqB′ ≅ H0(NSq)odd ≅ H0(KSq)odd where the canonical
symplectic form dλ on KX is used to identify the normal bundle NSq of Sq
with the canonical bundle of KSq (cf. also [Ba, HHP]). It follows that T
∗
q B′ ≅
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H0(KSq)∗odd ≅ C3γ−3. This contains the integer lattice Γq = H1(Sq;Z)odd ≅
Z
6γ−6. Since H1(Sq;Z)odd ≅ H1(Prym(Sq);Z), we can choose a symplec-
tic basis for the intersection form, α1(q), . . . , αm(q), β1(q), . . . , βm(q), m =
3γ − 3, in Γq. This intersection form (the polarization of Prym(Sq)) is twice
the restriction of the intersection form of Sq (the canonical polarization of
the Jacobian of Sq), cf. [BL, p. 377].
An important feature of any special Ka¨hler metric is the existence of
conjugate coordinate systems (z1, . . . , zm) and (w1, . . . ,wm), i.e., holomor-
phic coordinates such that (x1, . . . , xm, y1, . . . , ym), where Re(zi) = xi and
Re(wi) = −yi, are Darboux coordinates for ω. The local system Γ = ⋃q∈B′ Γq
is spanned locally by differentials of Darboux coordinates (dxi, dyi) and in-
duces a real, torsionfree, flat symplectic connection ∇ over B′ by declaring
∇dxi = ∇dyi = 0 for i = 1, . . . ,m. Thus we can choose the coordinates (xi, yi)
in such a way that conjugate holomorphic coordinates are
(2) zi(q) = ∫
αi(q)
λSW (q), wi(q) = ∫
βi(q)
λSW (q), i = 1, . . . ,m,
[Fr, Proof of Theorem 3.4]. In terms of these, the Ka¨hler form equals
ωsK =
3γ−3
∑
i=1
dxi ∧ dyi = −1
4
∑
i
(dzi ∧ dw¯i + dz¯i ∧ dwi).
There is an alternate and quite explicit expression for ωsK. To this end,
observe that
dzi(q˙) = ∫
αi(q)
∇GMq˙ λSW , dwi(q˙) = ∫
βi(q)
∇GMq˙ λSW , i = 1, . . . ,m,
where ∇GM is the Gauß-Manin connection and λSW ∶ B′ → ⋃q∈B′ H1,0(Sq) is
considered as a section. Then ∇GMq˙ λSW is the contraction of dλSW by the
normal vector field Nq˙ corresponding to q˙. By Proposition 1 in [DH] (cf.
also Proposition 8.2 in [HHP]) we have
(3) ∇GMq˙ λSW = 12τq˙
where τq˙ is the holomorphic 1-form on Sq corresponding to q˙ under the
isomorphism
(4) TqB′ =H0(K2X) ≅Ð→H0(KSq)odd, q˙ ↦ τq˙ ∶= q˙λSW .
There is a seemingly anomalous factor of 1
2
here compared to the cited
formula in [DH]. The reason is that their expression αq˙ which appears in
the right hand side of their formula for the Gauß-Manin derivative of λSW
is precisely 1/2 of τq˙ as we have defined it here.
Remark. The special case where q˙ = q is of particular interest since it
generates the C× action on B′. (Recall however that we work only with the
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R
+ action.) For this infinitesimal variation, we have τq = λSW and hence
∇GMq λSW = 12λSW.
The associated Ka¨hler metric gsK(q˙, q˙) equals ωsK(q˙, Iq˙) for the constant
complex structure I = i. It is therefore given by
gsK(q˙, q˙) = i
2
∑
j
(dzj(q˙)dw¯j(q˙) − dwj(q˙)dz¯j(q˙))
= i
2
∑
j
∫
αj
∇GMq˙ λSW ∫
βj
∇GMq˙ λ¯SW − ∫
βj
∇GMq˙ λSW ∫
αj
∇GMq˙ λ¯SW
= i
8
∑
j
∫
αj
τq˙ ∫
βj
τ¯q˙ − ∫
βj
τq˙ ∫
αj
τ¯q˙
= i
8
∫
Sq
τq˙ ∧ τ¯q˙ = 1
8
∫
Sq
∣τq˙ ∣2 dA,
where we have used the Riemann bilinear relations. Here dA is the area form
on Sq induced from the one on X for any metric in the given conformal class
on X and we recall that the quantity ∣α∣2dA is conformally invariant when
α is a 1-form. Note also that ∫c λSW vanishes for any even cycle c, since λSW
is odd with respect to σ. This identifies the special Ka¨hler metric on TqB′
with an eighth of the natural L2-metric
∥α∥2L2 = i∫
Sq
α ∧ α¯ = ∫
Sq
∣α∣2 dA,
on H0(KSq)odd via the isomorphism q˙ ↦ τq˙. Using τq˙ = q˙/λSW and λ2SW = q
we obtain that ∣τq˙ ∣2 = ∣q˙∣2/∣q∣ and so the last integral may be converted into
an integral over the base Riemann surface:
(5) gsK(q˙, q˙) = 1
8 ∫Sq ∣τq˙ ∣2 dA =
1
8 ∫Sq
∣q˙∣2
∣q∣ dA =
1
4 ∫X
∣q˙∣2
∣q∣ dA
This representation of the special Ka¨hler metric will be important later. For
any holomorphic quadratic differential q, the quantity ∣q∣dA is conformally
invariant, so again the choice of metric in the conformal class is irrelevant.
We single out one key consequence of the preceding discussion.
Corollary 2.2. The special Ka¨hler metric gsK depends smoothly on the
basepoint q ∈ B′.
Proof. This may be seen from the following local coordinate expression for
τq˙. In a local holomorphic coordinate chart, q(z) = f(z)dz2 and q˙(z) =
f˙(z)dz2, and since z = 0 is a simple zero of q, f(0) = 0 but f ′(0) ≠ 0.
Let (z,w) be canonical local coordinates on KX , so λSW = wdz. Then
Sq = {w2 = f(z)} and hence
2wdw = f ′(z)dz
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there. In particular, λSW = 2w2dw/f ′(z) and q˙ = 4w2f˙(z)dw2/f ′(z)2, so
τq˙ = q˙
λSW
= 2f˙(z)
f ′(z) dw.
This computation shows that τq˙ and hence gsK depends smoothly on q. 
Note that the smoothness asserted in the corollary is not immediately
apparent from some of the other expressions, e.g. the final one in (5).
We conclude this section by discussing the conic structure of this metric.
Recall the C×-action on B′:
ϕλ(q) ∶= λ2q, q ∈ B′, λ ∈ C×.
It is immediate from (2) and the defining relation λ2SW = q on Sq that the
coordinates zi and wi are homogeneous of degree 1, i.e.
zi(ϕλ(q)) = ∫
αi
τλq = λzi(q), wi(ϕλ(q)) = ∫
βi
τλq = λwi(q).
for λ ∈ W, where W is a neighborhood of 1 ∈ C×. Euler’s formula for the
derivative of homogeneous functions now gives that ∑i zi∂wj/∂zi = wj, hence
F(q) = 1
2
∑
j
zjwj .
defines a holomorphic prepotential. Indeed, since ∂wi/∂zj = ∂wj/∂zi we get
∂F/∂zj = 12(wj +∑
i
zi∂wi/∂zj) = 12(wj +∑
i
zi∂wj/∂zi) = wj .
This holomorphic prepotential is of course homogeneous of degree 2, i.e.
F(ϕλ(q)) = λ2F(q). This establishes B′ as a conic special Ka¨hler manifold,
see Proposition 6 in [CM].
Computing locally again, we find using the Riemann bilinear relations
and the relation τ2q = q that the Ka¨hler potential is given by
K(q) = 1
2
Im∑
j
wj z¯j = i
4
∑
j
(zjw¯j − z¯jwj)
= i
4
∑
j
∫
αj
τq ∫
βj
τ¯q −∫
αj
τ¯q ∫
βj
τq
= i
4
∫
Sq
τq ∧ τ¯q = 1
4
∫
Sq
∣τq ∣2 dA = 1
2
∫
X
∣q∣dA.
Let S ′ = {q ∈ B′ ∶ ∫X ∣q∣dA = 1} the L1-unit sphere in B′. By Corollary 4 in
[BC], we find that
(6) φ ∶ (R+ × S ′, dt2 + t2gsK∣S ′)→ (B′, gsK), (t, q) ↦ t2q
is an isometry. This establishes that B′ is a metric cone. In particular, for
q ∈ B′ with ∫X ∣q∣dA = 1 the curve t ↦ t2q is a unit speed geodesic. As a
check on this, observe that
(7) dφ∣(t,q)(∂t) = 2tq, dφ∣(t,q)(q˙) = t2q˙.
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On the other hand,
gsK(q˙, q˙)∣t2q = i8 ∫S
t2q
(q˙/λSW) ∧ (q˙/λSW)
= i
8t2
∫
Sq
(q˙/λSW) ∧ q˙/λSW = 1
t2
gsK(q˙, q˙)∣q,
so
(8) (∥2tq∥2sK)∣t2q = 4(∥q∥2sK)∣q = 1, (∥t2q˙∥2sK)∣t2q = t2(∥q˙∥2sK)∣q.
Here we have used that (∥q∥2sK)∣q = 14 ∫X ∣q∣dA = 14 for q ∈ S ′. Thus Equations
(7) and (8) indeed reconfirm the conic structure of gsK.
2.4. Hyperka¨hler metrics. A Riemannian manifold (M,g) is called hy-
perka¨hler if it carries three integrable complex structures I, J and K which
satisfy the quaternion algebra relations and such that the associated 2-forms
ωC(⋅, ⋅) = g(⋅, C ⋅), C = I, J,K, are each closed. In particular, every special-
ization (M,C,ωC) is Ka¨hler (this is also true when C = aI + bJ + cK where
a, b, c are constants with a2+b2+c2 = 1), whence the name hyperka¨hler. The
two examples of hyperka¨hler metrics of interest here are the Hitchin metric
on M and the semiflat metric on M′.
2.4.1. Semiflat metric. If (M,ω,∇) is any manifold with a special Ka¨hler
structure, with Ka¨hler metric gsK , then T
∗M carries a natural semiflat
hyperka¨hler metric gsf , cf. [Fr, Theorem 2.1]. The name semiflat comes
from the fact that gsf is flat on each fiber of T
∗M . In particular, if Γ is a
local system in T ∗M of full rank, then gsf pushes down to a semiflat metric
on the torus bundle T ∗M/Γ. We consider this in the special case M = B′,
where A = T ∗B′/Γ ≅M′, the analytic family A of complex tori introduced in
§2.2. The existence of such a metric is common to any algebraic integrable
system, [Fr, Theorem 3.8].
To construct gsf , note that the connection ∇ induces a distribution of
horizontal and complex subspaces of T ∗M . Then, relative to the decompo-
sition TαT
∗M ≅ Tπ(α)M ⊕T ∗π(α)M , gsf equals gπ(α)⊕ g−1π(α); the integrability
is ensured by the differential geometric conditions on a special Ka¨hler met-
ric. It is clearly flat in the fiber directions. In local coordinates (xi, yi, pi, qi)
of T ∗M induced by Darboux coordinates (xi, yi) for ω, the Ka¨hler form ωI
for the natural complex structure on T ∗M is
ωI = ∑
i
dxi ∧ dyi + dpi ∧ dqi.
As noted earlier, if M = B′, then gsf descends to the quotient A = T ∗B′/Λ,
and thus induces a metric onM′ which we still denote by gsf . The invariant
vector fields on the fibers ofM′ are given by the η-Hamiltonian vector fields
Xf of functions f ○ π where f is a locally defined function on B′ (see for
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instance [GS, (44.5)]). Hence, if Xf is a vector field on M′ tangent to the
fibers, then
gsf(Xf ,Xf ) = g−1sK(df, df).
Computing the dual metric g−1sK on T
∗
q B′ amounts to computing the metric on
H0(KSq)∗odd dual to the L2-metric on H0(KSq)odd. The complex antilinear
isomorphim H0(KSq)∗ → H0(KSq) obtained by dualizing with respect to
the L2-metric simply is the composition
H0(KSq)∗ = H1,0(Sq)∗ Ð→H0,1(Sq)Ð→H1,0(Sq) =H0(KSq),
where the first arrow is given by Serre duality and the second one by com-
plex conjugation ¯ ∶ H0,1(Sq) → H1,0(Sq), exchanging the space of anti-
holomorphic and holomorphic forms. So if df(q) is dual to α ∈H0(KSq)odd
then
g−1sK(df(q), df(q)) = ∫
Sq
∣α∣2 dA =∶ gsf(α,α).
This shows that the vertical part of the semiflat metric is the natural L2-
metric on Prym(Sq). We return to this fact in Section 3.
We also wish to describe the Prym variety in terms of unitary data. In
fact, each line bundle L in Prym(Sq) corresponds to an odd flat unitary con-
nection on the trivial complex line bundle. In other words, L is represented
by a connection 1-form η ∈ Ω1(Sq, iR) such that dη = 0 and σ∗η = −η. This
space is acted on by odd gauge transformations, i.e., maps g ∶ Sq → S1 such
that g ○ σ = g−1. We obtain
Prym(Sq) = H1(Sq; iR)odd
H1
Z
(Sq; iR)odd .
If η ∈ H1(Sq, iR)odd is a harmonic representative of a class in H1(Sq; iR)odd,
then η = α−α¯ for α = η1,0 ∈H0(KSq)odd. Here we have used thatH1(Sq,C) =
H1,0(Sq)⊕H0,1(Sq). So finally
(9) gsf(η, η) ∶= gsf(α,α) = 1
2
∫
Sq
∣η∣2 dA = ∫
X
∣η∣2 dA,
which is the form of the metric we will use from now on. In Section 3 we will
reinterpret the space of imaginary odd harmonic 1-forms on Sq as a space
of L2-harmonic forms with values in a twisted line bundle on the punctured
base Riemann surface X×, reducing the L2-integral over Sq to an integral
over X.
Parallel to Corollary 2.2 and its proof we have
Corollary 2.3. The semiflat metric is smooth on M′.
2.4.2. Hitchin metric. The second hyperka¨hler metric we consider is defined
on all of M and stems from a gauge-theoretic reinterpretation of M. More
concretely, fix a hermitian metric H on E. Holomorphic structures ∂¯ are
then in 1 − 1-correspondence with special unitary connections. After the
choice of a base connection these correspond to elements in Ω0,1(sl(E)).
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For such an endomorphism valued form A we denote the corresponding
Cauchy-Riemann operator by ∂¯A. The condition Φ ∈H0(X, sl(E)⊗KX) is
equivalent to ∂¯AΦ = 0, where Φ is regarded as a section of Λ1,0T ∗X ⊗ sl(E).
In particular, we get an induced Gc-action on (A,Φ). We denote this action
by (Ag,Φg) for g ∈ Gc. Hitchin [Hi87a] proves that in the Gc-equivalence
class [E, ∂¯,Φ] = [A,Φ] there exists a representative (Ag,Φg) unique up to
special unitary gauge transformations such that the so-called self-duality
equations or Hitchin equations (with respect to H)
(10) µ(A,Φ) ∶= (FA + [Φ ∧Φ∗], ∂¯AΦ) = 0
hold. Here, FA denotes the curvature of A and Φ
∗ is the hermitian conjugate;
we refer to µ as the hyperka¨hler moment map.
Remark. Alternatively, we can fix a Higgs bundle (∂¯,Φ) and ask for a
hermitian metric H such that FH + [Φ ∧ Φ∗H ] = 0 where ∗H is the adjoint
taken with respect to H and FH is the curvature of the Chern connection A.
The pair (A,Φ) is then a solution to the self-duality equation with respect
to H.
Stability of (E,Φ) translates into the irreducibility of (A,Φ). If G denotes
the special unitary gauge group it follows that
M≅ {(A,Φ) ∈ Ω1(su(E)) ×Ω1,0(sl(E)) irreducible solves (10)}/G.
The map µ can be interpreted as a hyperka¨hler moment map with respect to
the natural action of the special unitary gauge group G on the quaternionic
vector space Ω0,1(sl(E))×Ω1,0(sl(E)) with its natural flat hyperka¨hler met-
ric ∥(α,ϕ)∥2L2 = 2i∫
X
Tr(α∗∧α +ϕ ∧ϕ∗)
(note that Ω1(su(E)) ≅ Ω0,1(sl(E))). Consequently, this metric descends to
a hyperka¨hler metric on the quotient M [HKLR]. We describe this metric
next. Let su(E) denote the tracefree endomorphisms of E, which are skew-
hermitian with respect to the hermitian metric H fixed above. We endow
sl(E) with the hermitian inner product given by ⟨A,B⟩ = Tr(AB∗) and
extend it to sl(E)-valued forms by choosing a conformal background metric
on X. Fix a configuration (A,Φ) and consider the deformation complex
0→ Ω0(su(E)) D1(A,Φ)ÐÐÐÐ→ Ω1(su(E)) ⊕Ω1,0(sl(E))
D2
(A,Φ)
ÐÐÐÐ→ Ω2(su(E))⊕Ω2(sl(E)) → 0
The first differential
D1(A,Φ)(γ) = (dAγ, [Φ ∧ γ]),
is the linearized action of G at (A,Φ), while the second is the linearization
of the hyperka¨hler moment map,
D2(A,Φ)(A˙, Φ˙) = (dAA˙ + [Φ˙ ∧Φ∗] + [Φ ∧ Φ˙∗], ∂¯AΦ˙ + [A˙,Φ]).
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The tangent space to M at [A,Φ] is then identified with the quotient
kerD2(A,Φ)/imD1(A,Φ) ≅ kerD2(A,Φ) ∩ (imD1(A,Φ))⊥.
Then
∫
X
⟨dAγ, A˙⟩dA = ∫
X
⟨γ, d∗AA˙⟩dA
and
∫
X
⟨[Φ ∧ γ], Φ˙⟩dA = −∫
X
⟨γ, i ∗ πskew[Φ∗∧ Φ˙]⟩dA,
where πskew ∶ sl(E) → su(E) is the orthogonal projection, hence (A˙, Φ˙) ⊥
imD1(A,Φ) with respect to the L
2-metric in (12) below if and only if
(11) (D1(A,Φ))∗(A˙, Φ˙) = d∗AA˙ − 2πskew(i ∗ [Φ∗ ∧ Φ˙]) = 0.
If this is satisfied, we say that (A˙, Φ˙) is in Coulomb gauge (in gauge for
short). For tangent vectors (A˙i, Φ˙i), i = 1,2 in Coulomb gauge, the induced
L2-metric is given by
gL2((α1, Φ˙1), (α2, Φ˙2)) = 2∫
X
Re⟨α1, α2⟩ +Re⟨Φ˙1, Φ˙2⟩ dA,
= ∫
X
⟨A˙1, A˙2⟩ + 2Re⟨Φ˙1, Φ˙2⟩ dA,(12)
where αi denotes the (0,1)-part of A˙i, i = 1,2 and dA denote the area form
of the background metric.
Remark. There is a similar construction when the determinants of the
Higgs bundles are not holomorphically trivial, and it can be shown that the
L2-metric on the moduli space is complete if the degree of E is odd.
The first goal of this paper is to show that in a sense to be specified below,
the semiflat metric is the asymptotic model for the Hitchin metric.
3. The semiflat metric as L2-metric on limiting configurations
Our goal in this section is to understand the semiflat metric on M′ as a
‘formal’ L2-metric on the space of limiting configurations.
3.1. Limiting configurations. One of the main results in [MSWW14] is
that the degeneration of solutions (A,Φ) to the self-duality equations as
q = detΦ → ∞ is described in terms of solutions of a decoupled version of
the self-duality equations.
Definition 3.1. Let H be a hermitian metric on E and suppose that q ∈
H0(K2X) has simple zeroes. Set X×q = X ∖ q−1(0). A limiting configuration
for q is a Higgs bundle (A∞,Φ∞) over X×q , which satisfies the equations
(13) FA∞ = 0, [Φ∞ ∧Φ∗∞] = 0, ∂¯A∞Φ∞ = 0
on X×q . We call a Higgs field Φ which satisfies [Φ∞ ∧Φ∗∞] = 0 normal.
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The unitary gauge group G acts on the space of solutions (A∞,Φ∞) to
(13), and we define the moduli space
M∞ = {all solutions to (13)}/G.
Strictly speaking, we have only considered solutions over differentials q ∈ B′,
which correspond to the open subset M′∞ of this moduli space. We refer to
[Mo] for the definition and description of limiting configurations over points
q ∈ B ∖ B′.
There is some ambiguity in this definition in that we can either divide out
by gauge transformations which are smooth across the zeroes of q or by ones
which are singular at these points. The latter group is more complicated
to define because it depends on q, and most elements in its gauge orbit
are singular. However, it is not so unreasonable to consider since, as we
discuss later in this section, tangent vectors to M∞ are ‘renormalized’ to
be in L2 by using differentials of such singular gauge transformations. In
the following, we use this definition of the quotient space M∞. At the
other extreme, it would have been possible to take a view consonant with
the original definition of limiting configurations in [MSWW14], where each(A∞,Φ∞) is assumed to take a particular normal form in discs Dp around
each zero of q. This is no restriction because any limiting configuration
which is bounded near the zeroes of q can be put into this form with a
(bounded) unitary gauge transformation. With this restriction, we divide
out by unitary gauge transformations which equal the identity in each Dp.
Let us note a few properties of this space. First, it still possesses a Hitchin
fibration π∞ ∶ M∞ → B, π∞((A∞,Φ∞)) = detΦ∞. A priori, detΦ∞ is
only defined on X×q , but is bounded near the punctures, hence it extends
holomorphically to all of X. Second, M∞ has a ‘semi-conic’ structure,[(A∞,Φ∞)] ↦ [(A∞, tΦ∞)] which dilates the Hitchin base and leaves in-
variant the Prym variety fibers.
This space arises as a limit of M in two separate ways. On the one
hand, it is shown in [MSWW14] that for any Higgs bundle (A,Φ), there is
a complex gauge transformation g∞ which is singular at the zeroes of q, and
is unique up to unitary transformations, such that (A,Φ)g∞ is a limiting
configuration (A∞,Φ∞) with detΦ∞ = detΦ. Using that g∞ is the limit of
smooth complex gauge transformations, one may approximate elements of
M∞ by representatives of sequences of elements in M. On the other hand,
consider instead the family of moduli spaces Mt consisting of solutions to
the scaled Hitchin equations
µt(A,Φ) ∶= (FA + t2[Φ ∧Φ∗], ∂¯AΦ) = 0
modulo unitary gauge transformations. It follows from the main result of
[MSWW14] that away from the discriminant locus, this family of spaces
converges to M∞, i.e.,
lim
t→∞
M′t =M′∞.
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This is meant in the following sense. The diffeomorphism F described in
(1) can be recast as a family of natural diffeomorphisms Ft ∶ M′∞ →M′t.
Furthermore, each M′t has its own L2 metric gL2,t, all naturally identified
with one another by the dilation action. We then assert that (M′t,F∗t gL2,t)
converges smoothly on compact sets to (M′∞, gsf). We do not belabor this
point by writing this out more carefully since it is not used here in any
substantial way. Nonetheless, this picture is conceptually interesting in that
it identifies the space of limiting configurations with a certain ‘blowdown at
infinity’ ofM1. We shall return to a closer examination of this phenomenon
in another paper.
Let us now proceed with an alternate description of M′∞. We may recast
Definition 3.1 into one involving harmonic metrics.
Definition 3.2. Let (E, ∂¯E ,Φ) be a Higgs bundle such that q = detΦ has
only simple zeroes. A limiting metric is a flat hermitian metric H∞ on E
over X×q = X ∖ q−1(0) such that Φ is normal with respect to H∞, i.e. the
limiting equation
FH∞ = 0, [Φ ∧Φ∗H∞ ] = 0
is satisfied over X×q . Here FH∞ is the curvature of the Chern connection
AH∞ of H∞.
Fixing a hermitian metric H, a limiting configuration is obtained from
a limiting metric as follows. Express H∞ with respect to H with an H-
selfadjoint endomorphism field Ξ∞, so H∞(σ, τ) = H(σ,Ξ∞τ) for any two
sections σ, τ of E. Setting Ξ−1∞ = g∞g∗∞, then H = g∗∞H∞ and thus A∞ = Ag∞
and Φ∞ = g−1∞Φg∞ constitute a limiting configuration in the complex gauge
orbit of the Higgs bundle (A,Φ).
The interpretation of the limiting metric for a Higgs bundle goes back
to an observation by Hitchin and is described in detail in [MSWW15], see
also [Mo]. We review this now. Fix q ∈ H0(K2X) with simple zeroes. As in
§2.2, let pq ∶ Sq → X denote the spectral cover and L± ⊂ p∗qE the eigenlines
of p∗qΦ; these are exchanged by the involution σ. Then L+ = L ⊗ p∗qΘ∗
for the previously chosen square root Θ of the canonical bundle KX and a
holomorphic line bundle L ∈ Prym(Sq), i.e. σ∗L = L∗. Then L− = σ∗L+ =
L∗ ⊗ p∗qΘ∗. Since q is holomorphic, (qq¯)1/4 is a flat hermitian metric on
Θ∗ over X×q , hence on p
∗
qΘ
∗ over S×q , and is singular at the punctures.
Furthermore, since L is a holomorphic line bundle of zero degree, it admits
a flat hermitian metric h. Altogether, we form the singular flat metric
h+ = h(qq¯)1/4 on L+. If Ah and Aq denote the Chern connections of the
metrics h and (qq¯)1/4, respectively, then the Chern connection Ah+ of h+ is
the tensor product of Ah and Aq. Pulling back gives the metric h− = σ∗h+ on
L−, so that h+⊕h− is σ-invariant on L+⊕L− and thus descends to a limiting
metric H∞ on E. (We use here that p
∗
qE decomposes holomorphically as the
direct sum of the line bundles L+ and L− on the punctured spectral curve
S×q .)
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Varying the holomorphic line bundle L ∈ Prym(Sq), we obtain all lim-
iting configurations associated to q, which identifies Prym(Sq) with the
torus M∞(q) of limiting configurations associated to q, see Section 4.4
in [MSWW14]. We describe this more concretely. Fix a C∞-trivialization
C = Sq×C of the underlying line bundle, with standard hermitian metric h0.
With respect to this metric, any holomorphic structure on this trivial bundle
is represented by a flat unitary connection d+η, where η ∈ Ω1(Sq, iR) is closed
and odd under the involution, σ∗η = −η. Clearly, d + η is the Chern connec-
tion of h0 for the holomorphic structure ∂¯ + η0,1 and h+ = h0(qq¯)1/4 gives
rise to the limiting metric H∞. The Chern connections satisfy Ah+ = Aq + η
and Ah− = Aq − η on L+ and L−, respectively.
There is also a Hitchin section in M∞ corresponding to any choice of
square root Θ =K1/2X . Thus consider E = Θ⊕Θ∗ with Higgs field
Φ = (0 −q
1 0
) .
This has spectral data L = OSq ∈ Prym(Sq), corresponding to η = 0. In-
deed, note that from [BNR, Remark 3.7], E = (pq)∗M for M = L+ ⊗ p∗qKX .
However, (pq)∗OSq = OX ⊕K−1X , so by the push-pull formula,
(pq)∗(p∗qΘ) = (pq)∗(OSq ⊗ p∗qΘ) = (pq)∗OSq ⊗Θ = Θ⊕Θ∗,
and hence by the spectral correspondence, M = p∗qΘ. This shows that L+ =
p∗qΘ
∗ and so L = OSq as claimed. Let H∞ be the limiting metric for this
Higgs bundle.
Lemma 3.1. The limiting metric on the Higgs bundle (E,Φ) above is given
up to scale by
H∞ = (qq¯)−1/4 ⊕ (qq¯)1/4
with respect to the decomposition E = Θ⊕Θ∗.
Proof. It suffices to check that Φ is normal with respect to H∞ on the
punctured surface X×. To that end, trivialize Θ±1 locally by dz±1/2, so if
q = fdz2 then
H∞ = (∣f ∣−1/2 0
0 ∣f ∣1/2) and Φ = (0 f1 0)dz.
The eigenvectors s± = ±√f dz1/2 + dz−1/2 satisfy H∞(s+, s+) = H∞(s−, s−) =
2∣f ∣1/2 and H∞(s+, s−) = 0 on X× as desired. 
As before, we consider the complex vector bundle E with background
hermitian metric H = k ⊕ k−1 and Chern connection AH = Ak ⊕Ak−1 , and
consider the limiting configuration (A∞(q),Φ∞(q)) corresponding to H∞.
In the following we write ∣q∣1/2
k
= (qq¯)1/4k where ∣ ⋅ ∣k is the norm on K2X
induced by k.
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Lemma 3.2. The limiting configuration corresponding to the limiting metric
H∞ = (qq¯)−1/4 ⊕ (qq¯)1/4 is given by
A∞(q) = AH + 1
2
(Im ∂¯ log ∣q∣k) (i 00 −i)
and
Φ∞(q) = ⎛⎝ 0 ∣q∣
−1/2
k
q
∣q∣1/2
k
0
⎞
⎠ .
with respect to the decomposition E = Θ⊕Θ∗.
Remark. Note that if z is a local holomorphic coordinate around a zero
of q such that q = −zdz2 and k is the flat metric induced by the holomor-
phic trivialization, these formulæ reduce to the standard expression for the
singular model solution
Afid∞ = 18 (1 00 −1)(
dz
z
− dz¯
z¯
) , Φfid∞ = ⎛⎝
0
√∣z∣
z√
∣z∣
0
⎞
⎠dz,
considered in [MSWW14] and called there the limiting fiducial solution.
Proof. Write H∞(σ, τ) = H(σ,Ξ∞τ) where Ξ∞ is the H-selfadjoint endo-
morphism field
Ξ∞ = ((qq¯)−1/4k−1 0
0 (qq¯)1/4k) .
If we then set
g∞ = ((qq¯)1/8k1/2 0
0 (qq¯)−1/8k−1/2)
then H−1∞ = g∞g∗∞. This gives
g−1∞ (∂¯g∞) = ∂¯ log((qq¯)1/8k1/2)(1 00 −1)
and consequently
A∞ = AH + g−1∞ ∂¯g∞ − (g−1∞ ∂¯g∞)∗
= AH + 2 Im ∂¯ log((qq¯)1/8k1/2)(i 00 −i)
and
Φ∞ = g−1∞Φg∞ = ( 0 (qq¯)−1/4k−1q(qq¯)1/4k 0 ) ,
as desired. 
Pulled back to the spectral curve, the limiting configuration attains the
form
p∗qA∞(q) = (Aq ⊕Aq)g∞ , Φ∞(q) = g−1∞Φg∞.
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More generally, if (A∞(q, η),Φ∞(q, η)) denotes the limiting configuration
corresponding to an element L ∈ Prym(Sq) determined by an odd 1-form
η ∈ Ω1(Sq; iR) then
p∗qA∞(q, η) = p∗qA∞(q) + η ⊗ g−1∞ (1 00 −1) g∞, Φ∞(q, η) = Φ∞(q).
Observe now that the pull-back bundle p∗qLΦ∞ is spanned by the section is∞
where
s∞ = g−1∞ (1 00 −1) g∞ ∈ Γ(S×q ;p∗q End0(E)).
This section s∞ is parallel with respect to A∞(q), so p∗qLΦ∞ is trivial as a
flat line bundle, i.e., isomorphic to iR = S×q × iR with the trivial connection.
Pulling back to S×q , any section of LΦ∞ can be written as f ⋅ s∞, where
f ∈ C∞(S×q , iR) is odd with respect to the involution σ. Similarly, a 1-
form with values in LΦ∞ corresponds via pull-back to S
×
q to an odd 1-form
η ∈ Ω1(S×q , iR), i.e. σ∗η = −η, so that H1(S×q ; iR)odd =H1(X×;LΦ∞). Under
these identifications,
A∞(q, η) = A∞(q) + η, Φ∞(q, η) = Φ∞(q).
Define H1
Z
(Sq; iR)odd ⊂ H1(Sq; iR)odd as the lattice of classes with peri-
ods in 2πiZ and similarly the lattices H1
Z
(S×q ; iR)odd ⊂ H1(S×q ; iR)odd and
H1
Z
(X×;LΦ∞) ⊂H1(X×;LΦ∞), cf. [MSWW14, §4.4].
Proposition 3.3. The map d + η ↦ A∞(q) + η induces a diffeomorphism
Prym(Sq) = H1(Sq; iR)odd
H1
Z
(Sq; iR)odd
≅
Ð→
H1(X×;LΦ∞)
H1
Z
(X×;LΦ∞) =M∞(q).
In order to prove this proposition we need the following
Lemma 3.4. The restriction map
H1(Sq; iR)odd →H1(S×q ; iR)odd =H1(X×;LΦ∞)
is an isomorphism.
Proof. In the following, imaginary coefficients are understood. Since S×q is
a σ-invariant subset of Sq, there is a long exact cohomology sequence:
. . . →Hp(Sq, S×q )odd →Hp(Sq)odd →Hp(S×q )odd →Hp+1(Sq, S×q )odd → . . .
By excision Hp(Sq, S×q ) ≅ ⊕ki=1Hp(Di,D×i ) where (Di,D×i ) ≅ (D,D×) are
disks around the punctures p1, . . . , pk where k = 4γ − 4. Using the long
exact sequence for the pair (D,D×) together with the observation that
H0(D×)odd = 0 (constants are even) and H1(D×)odd ≅ H1(S1)odd = 0 (the
angular form dθ is even) we obtain that H1(D,D×)odd =H2(D,D×)odd = 0.
It follows that the map H1(Sq)odd → H1(S×q )odd is an isomorphism. 
For later use we record
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Corollary 3.5. The restriction of the unique harmonic representative of a
class in H1(Sq; iR)odd yields a distinguished closed and coclosed representa-
tive of the corresponding class in H1(X×;LΦ∞). This representative lies in
L2, i.e. is an L2-harmonic 1-form.
Proof. Since the restriction of the canonical projection π ∶ Sq → X× to
π−1(X×) is a conformal map and the space of L2-harmonic 1-forms is con-
formally invariant in 2 dimensions, it follows that L2-harmonic 1-forms are
preserved under pull-back along π. 
Definition 3.3. Let
H1(X×;LΦ∞) = {η ∈ Ω1(X×,LΦ∞) ∶ p∗qη ∈ H1(Sq; iR)odd}
be the corresponding space of L2-harmonic forms on X×.
Proof of Proposition 3.3. It remains to check that the isomorphism from
Lemma 3.4 is compatible with the integer lattices. This is clearly the case
for the map H1(Sq; iR)odd → H1(S×q ; iR)odd. Now η ∈ Ω1(S×q , iR)odd rep-
resents a class in H1
Z
(S×q ; iR)odd if and only if it is of the form g = d log g
for g ∈ C∞(S×q , S1)odd. Since g corresponds to a unitary gauge transfor-
mation commuting with Φ∞ on X
× this is equivalent to η ∈ Ω1(X×;LΦ∞)
representing a class in H1
Z
(X×;LΦ∞). 
As a final remark here, we include the
Proposition 3.6. The family of lattices H1
Z
(Sq; iR)odd ≅H1Z(X×;LΦ∞) overB′ are naturally identified with the local system Γ which is defined using the
algebraic completely integrable system structure, cf. Proposition 2.1. There-
fore, as noted in the introduction, there is a natural diffeomorphism between
the quotients
A = T ∗B′/Γ ≅M ′∞
which intertwines the C× action on both sides.
3.2. Horizontal directions. Recall that the Gauß-Manin connection on
the Hitchin fibration gives rise to a splitting of each tangent space of M′
into a direct sum of vertical and horizontal subspaces. This is the sense
in which the terms horizontal and vertical are used in the following. The
remainder of this section is devoted to deriving useful expressions for the
metric applied to horizontal, vertical, and mixed pairs of tangent vectors.
The Hitchin section is a horizontal Lagrangian submanifold in M′ as fol-
lows from the local symplectomorphism between (T ∗B′, ωT ∗B′) and (M′, η),
cf. §2.2. Any smooth family of holomorphic quadratic differentials q(s) ∈ B′
can thus be lifted to a family of Higgs bundles H(s) = (E,Φ(s)) in the
Hitchin section. Fixing a hermitian metric H on E, we denote the family
of limiting configurations corresponding to (AH ,Φ(s)) by (A∞(s),Φ∞(s)).
Setting q ∶= q(0) and q˙ ∶= ∂
∂s
∣
s=0
q(s), then a brief calculation shows that
A˙∞ ∶= ∂
∂s
∣
s=0
A∞(s) = −1
4
d Im(q˙/q)(i 0
0 −i)
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and
Φ˙∞ ∶= ∂
∂s
∣
s=0
Φ∞(s) = ⎛⎝
0 ∣q∣−1/2
k
(−1
2
Re(q˙/q)q + q˙)
1
2
∣q∣1/2
k
Re(q˙/q) 0
⎞
⎠ .
Assuming the zeroes of q˙ do not coincide with those of q, or equivalently,
the deformation is not radial, then A˙∞ has double poles at the zeroes of q,
so A˙∞ /∈ L2. However, A˙∞ is pure gauge and (A˙∞, Φ˙∞) can be transformed
to lie in L2, albeit with a singular gauge transformation. In addition, this
gauged variation even satisfies the Coulomb gauge condition (11), and its
L2 norm turns out to be simply the semiflat metric.
To be more precise, set
(14) γ∞ ∶= −1
4
Im(q˙/q)(i 0
0 −i) .
Then
α∞ ∶= A˙∞ − dA∞γ∞ = 0
and
ϕ∞ ∶= Φ˙∞ − [Φ∞ ∧ γ∞] = ⎛⎝ 0
1
2
∣q∣−1/2
k
q˙
1
2
∣q∣1/2
k
q˙/q 0
⎞
⎠ ,(15)
so clearly, (α∞, ϕ∞) = (0, ϕ∞) is in L2.
We next show that (0, ϕ∞) satisfies the Coulomb gauge condition, again
with the caveat that this is accomplished only by a singular gauge transfor-
mation.
Lemma 3.7. The pair (0, ϕ∞) satisfies d∗A∞α∞−2πskew(i∗ [Φ∗∞∧ϕ∞]) = 0.
Proof. Since α∞ = 0, it suffices to show that [Φ∗∞ ∧ϕ∞] = 0. Using the local
holomorphic frame dz±1/2 for E = Θ⊕Θ∗,
H = (κ 0
0 κ−1
)
and hence
Φ∞ = ( 0 ∣f ∣−1/2κ−1f∣f ∣1/2κ 0 )dz.
Now one easily calculates
Φ∗∞ = ( 0 ∣f ∣−1/2κ−1∣f ∣−1/2κf¯ 0 )dz, ϕ∞ = ( 0
1
2
∣f ∣−1/2κ−1f˙
1
2
∣f ∣1/2κf˙/f 0 )dz
and finally
[Φ∗∞ ∧ϕ∞] = 12(∣f ∣f˙/f − ∣f ∣−1f¯ f˙)(1 00 −1)dz¯ ∧ dz = 0
as claimed. 
Finally, the following result follows directly from the definitions and for-
mulæ above.
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Proposition 3.8. One has the identity
gsK(q˙, q˙) = ∫
X
∣ϕ∞∣2 dA,
where ϕ∞ is defined by (15).
We have now shown that the restriction of gsf and this renormalized L
2
metric (i.e. the L2 metric obtained on M′∞ by admitting singular gauge
transformations to put tangent vectors into Coulomb gauge) are the same on
tangent vectors to the Hitchin section on the space of limiting configurations.
To make the analogous computations at limiting configurations which are
not on the Hitchin section, we construct more general horizontal lifts of
families q(s) in B′. Recall that if q ∈H0(K2X) is fixed and (A∞,Φ∞) is any
base point in π−1(q), then any element in this fiber takes the form
(16) (A∞ + η,Φ∞) where [η ∧Φ∞] = 0 and dA∞η = 0.
Write A∞(s), Φ∞(s) and η(s) for the horizontal lifts, and assume that((A∞(0),Φ∞(0)) lies in the Hitchin section over q; then differentiating the
defining conditions [η(s) ∧Φ∞(s)] = 0 and dA∞(s)η(s) = 0 gives
(17) [η˙ ∧Φ∞] + [η ∧ Φ˙∞] = 0
and
(18) dA∞ η˙ + [A˙∞ ∧ η] = 0
at s = 0. These two equations characterize the tangent vectors (A˙∞+ η˙, Φ˙∞)
to the space of limiting configurations M∞ in π−1(q).
We shall use γ∞, the infinitesimal gauge transformation which regularizes
A∞, to generate all horizontal lifts of q˙. Note that since dA∞γ∞ = A˙∞, we
have
dA∞+ηγ∞ = dA∞γ∞ + [η ∧ γ∞] = A˙∞ + [η ∧ γ∞].
Lemma 3.9. Setting η˙ = [η∧γ∞], then equations (17) and (18) are satisfied,
hence (A˙∞ + η˙, Φ˙∞) is the horizontal lift of q˙ at (A∞ + η,Φ∞).
Proof. By the Jacobi identity,
[η˙ ∧Φ∞] + [η ∧ Φ˙∞] = [[η ∧ γ∞],Φ∞] + [η ∧ Φ˙∞]
= [γ∞∧[Φ∞∧η]]−[η∧[Φ∞∧γ∞]]+[η∧Φ˙∞] = [γ∞∧[Φ∞∧η]]+[η∧ϕ∞] = 0,
since ϕ∞ = 12 q˙qΦ∞ and [η ∧Φ∞] = 0. Furthermore,
dA∞ η˙ + [A˙∞ ∧ η] = dA∞[η ∧ γ∞] + [A˙∞ ∧ η]
= [dA∞η ∧ γ∞] − [η ∧ dA∞γ∞] + [A˙∞ ∧ η] = 0
using dA∞η = 0 and dA∞γ∞ = A˙∞. By definition, A˙∞ + η˙ = dA∞+ηγ∞ is
pure gauge, which means that (A˙∞ + η˙, Φ˙∞) is horizontal with respect to
the Gauß-Manin connection. 
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As before, applying γ∞ to Φ˙∞ gives the gauge equivalent infinitesimal
deformation (0, ϕ∞) of (A∞ + η,Φ∞). The following is then an immediate
consequence of the fact that the Hitchin fibration is a Riemannian submer-
sion.
Corollary 3.10. One has
gsf(q˙hor, q˙hor) = ∫
X
∣ϕ∞∣2 dA
where q˙hor denotes the horizontal lift of q˙ ∈H0(K2X).
3.3. Vertical directions. Now fix q ∈ H0(K2X) and (A∞,Φ∞) ∈ π−1(q).
As we have remarked, up to gauge, any element in π−1(q) takes the form(A∞+η,Φ∞) where η ∈ Ω1(LΦ∞) satisfies dA∞η = 0. The infinitesimal gauge
action shifts η by dA∞γ, γ ∈ Ω0(LΦ∞). Hence the vertical tangent space is
identified with the cohomology space
H1(LΦ∞) = ker(dA∞ ∶Ω1(LΦ∞)→ Ω2(LΦ∞))im (dA∞ ∶Ω0(LΦ∞)→ Ω1(LΦ∞)) .
Each class in H1(X×;LΦ∞) possesses a distinguished closed and coclosed
L2 representative α∞. By Lemma 3.4 and Corollary 3.5, α∞ is the restric-
tion of the unique harmonic representative of the corresponding class in
H1(Sq; iR)odd.
Lemma 3.11. If (A˙∞, Φ˙∞) = (α∞,0) where α∞ ∈ Ω1(LΦ∞) is the harmonic
representative, then
d∗A∞A˙∞ − 2πskew(i ∗ [Φ∗∞ ∧ Φ˙∞]) = 0.
Proof. This is a trivial consequence of α∞ being coclosed and Φ˙∞ = 0. 
Proposition 3.12. If α∞ is as above then
gsf(α∞, α∞) = ∫
X
∣α∞∣2dA.
Proof. This follows from the above discussion along with Equation (9). 
3.4. Mixed terms.
Lemma 3.13. If vhor = (A˙∞, Φ˙∞) is the horizontal lift of q˙ ∈ H0(K2X) and
wvert = (α∞,0) is a vertical tangent vector with η harmonic, then
⟨vhor,wvert⟩ ≡ 0
pointwise. Therefore, the L2 inner product of these two vectors vanishes.
Hence the off-diagonal parts of the L2 inner product and the semiflat inner
product agree.
Proof. The gauged tangent vector corresponding to a horizontal deforma-
tion (A˙∞, Φ˙∞) is of the form (0, ϕ∞), while the gauged tangent vector corre-
sponding to a vertical deformation is of the form (α∞,0). These are clearly
orthogonal pointwise. On the other hand, the orthogonality of vertical and
horizontal tangent vectors in the semiflat metric is part of the definition. 
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4. The approximate moduli space
Our goal is to understand the asymptotics of the L2 metric on the open
subsetM′ of the Hitchin moduli space. In this section we recall and slightly
recast the construction of approximate solutions from [MSWW14] in terms
of parametrized families of data and solutions, and then use these families
to define and study the L2 metric on M′.
In more detail, consider a smooth slice S∞ in the ‘premoduli space’ PM
′
∞,
which consists of the solutions to the uncoupled Hitchin equations before
passing to the quotient by unitary gauge transformations. The slice S∞ gives
a coordinate chart onM′∞. The construction in [MSWW14] produces from
the elements in S∞ a smooth family of approximate solutions S
app of the
self-duality equations, and then perturbs each element of Sapp to an exact
solution. We add to this, cf. the discussion in §10, the observation that this
final perturbation map is smooth in these parameters, so we obtain a slice S
in the space of solutions to the Hitchin equations, which in turn corresponds
to a coordinate chart in M′.
In the previous section we studied the L2 inner products of renormalized
gauged tangent vectors on PM′∞ and showed that these correspond precisely
to the inner products for the semiflat metric. The construction above yields
tangent vectors, initially to the slice Sapp, and then to the slice S. To analyze
the L2 metric we first put these tangent vectors into Coulomb gauge and
then compute the appropriate integrals defining the metric. Each of these
steps introduces correction terms to gsf . The next four sections contain
details of this for pairs of tangent vectors to the approximate moduli space
which are, respectively, horizontal, radial, vertical and ‘mixed’. The main
correction terms arise here. The final §10 shows that only an exponentially
small further correction is introduced when passing from the approximate
to the true moduli space.
The construction of an approximate solution is based on a gluing con-
struction. In the initial step, a limiting configuration S∞ = (A∞,Φ∞) is
modified in a neighborhood of each zero of q = detΦ∞ by replacing it
there with a desingularizing ‘fiducial’ solution (Afidt ,Φfidt ). This yields a
pair Sappt = (Aappt ,Φappt ) which is an approximate solution for the Hitchin
equations in the sense that µ(Sappt ) = O(e−βt) for some β > 0. It is straight-
forward to check that this construction may be done smoothly in all pa-
rameters. Thus from a smooth finite dimensional family S∞ of limiting
configurations transverse to the gauge orbits, we obtain a smooth finite di-
mensional family of fields Sapp. We think of this family as a submanifold of
a premoduli space (PMapp)′ of approximate solutions, which hence deter-
mines a coordinate chart in the approximate moduli space (Mapp)′. Since
this discussion is local in the moduli spaces, we may work entirely with these
slices, and so do not need to define this approximate moduli space carefully.
For convenience, however, we shall frequently refer to tangent vectors to
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(Mapp)′, which are tangent vectors to Sapp which have been further mod-
ified to satisfy the gauge condition. All of this is done, of course, only in
some fixed neighborhood of infinity in the Hitchin base, B′∩{q ∶ ∥q∥L1 ≥ t20}.
To be more specific, fix q ∈ B′ and let (A∞,Φ∞) denote the unique limiting
configuration for the Hitchin section with detΦ∞ = q. By (16), a general
limiting configuration takes the form (A∞ + η,Φ∞) where η is a suitable
dA∞-closed 1-form commuting with Φ∞. The connection A∞ is flat and has
nontrivial monodromy around each zero of q, hence H1(D×, dA∞) = 0, cf.
[MSWW14, Eq. (32)]. Thus η = dA∞γ on each such punctured disk. As
follows from [MSWW14, Prop. 4.7], ∣γ∣ = O(r1/2). Therefore we may modify
A∞+η by an exact LΦ∞-valued 1-form so as to assume that η ≡ 0 on ⊔p∈pDp.
Following [MSWW14, §3.2], we define the family of desingularizations
S
app
t ∶= (Aappt + η, tΦappt ) by
A
app
t = AH + (12 + χ(∣q∣k)(4ft(∣q∣k) − 12)) Im ∂¯ log ∣q∣k (i 00 −i)(19)
Φappt =
⎛
⎝ 0 ∣q∣
−1/2
k
e−χ(∣q∣k)ht(∣q∣k)q
∣q∣1/2
k
eχ(∣q∣k)ht(∣q∣k) 0
⎞
⎠ .(20)
Here ht(r) is the unique solution to (r∂r)2ht = 8t2r3 sinh2ht on R+ with
specific asymptotic properties at 0 and ∞, and ft ∶= 18 + 14r∂rht. Further,
χ ∶ R+ → [0,1] is a suitable cutoff-function. The parameter t can be removed
from the equation for ht by substituting ρ = 83tr3/2; thus if we set ht(r) =
ψ(ρ) and note that r∂r = 32ρ∂ρ, then
(ρ∂ρ)2ψ = 1
2
ρ2 sinh2ψ.
This is a Painleve´ III equation; there exists a unique solution which decays
exponentially as ρ → ∞ and with asymptotics as ρ → 0 ensuring that Aappt
and Φappt are regular at r = 0. More specifically,
● ψ(ρ) ∼ − log(ρ1/3 (∑∞j=0 ajρ4j/3) , ρ↘ 0;
● ψ(ρ) ∼K0(ρ) ∼ ρ−1/2e−ρ∑∞j=0 bjρ−j, ρ↗∞;
● ψ(ρ) is monotonically decreasing (and strictly positive) for ρ > 0.
These are asymptotic expansions in the classical sense, i.e., the difference
between the function and the first N terms decays like the next term in
the series, and there are corresponding expansions for each derivative. The
function K0(ρ) is the Bessel function of imaginary argument of order 0.
26 RAFE MAZZEO, JAN SWOBODA, HARTMUT WEISS, AND FREDERIK WITT
In the following result and for the rest of the paper, any constant C which
appears in an estimate is assumed to be independent of t.
Lemma 4.1. [MSWW14, Lemma 3.4] The functions ft(r) and ht(r) have
the following properties:
(i) As a function of r, ft has a double zero at r = 0 and increases monoton-
ically from ft(0) = 0 to the limiting value 1/8 as r ↗∞. In particular,
0 ≤ ft ≤
1
8
.
(ii) As a function of t, ft is also monotone increasing. Further, limt↗∞ ft =
f∞ ≡ 18 uniformly in C∞ on any half-line [r0,∞), for r0 > 0.
(iii) There are estimates
sup
r>0
r−1ft(r) ≤ Ct2/3 and sup
r>0
r−2ft(r) ≤ Ct4/3.
(iv) When t is fixed and r ↘ 0, then ht(r) ∼ −12 log r+b0+ . . ., where b0 is an
explicit constant. On the other hand, ∣ht(r)∣ ≤ C exp(−83tr3/2)/(tr3/2)1/2
for t ≥ t0 > 0, r ≥ r0 > 0.
(v) Finally,
sup
r∈(0,1)
r1/2e±ht(r) ≤ C, t ≥ 1.
It follows from the results in [MSWW14] that the approximate solution
S
app
t satisfies the self-duality equations up to an exponentially decaying error
as t →∞, and there is an exact solution (At,Φt) in its complex gauge orbit
(unique up to real gauge transformations) which is no further than Ce−βt
pointwise away for some β > 0.
5. Gauge correction
The L2 metric is defined in terms of infinitesimal deformations which are
orthogonal to the gauge group action. An arbitrary tangent vector can be
brought into this form by solving the gauge-fixing equation on all of X. We
first describe gauge-fixing in general and then estimate the gauge correction
term in this particular instance.
At the end of §2.4.2, we introduced the deformation complex and its dif-
ferentials D1(A,Φ) andD
2
(A,Φ), as well as the condition (11) for an infinitesimal
deformation (A˙, Φ˙) to be in gauge.
Lemma 5.1 (Infinitesimal gauge fixing). If (A˙, Φ˙) is an infinitesimal de-
formation of a solution (A,Φ) to the Hitchin equations, then there exists a
unique ξ ∈ Ω0(su(E)) such that (A˙, Φ˙) −D1(A,Φ)ξ is in gauge. The same is
true if (A,Φ) is sufficiently close to a solution to the Hitchin equations.
Proof. First suppose that µ(A,Φ) = 0. The transformed pair (A˙ − dAξ, Φ˙ −[Φ ∧ ξ]) is in gauge if and only if
(D1(A,Φ))∗((A˙, Φ˙) −D1(A,Φ)ξ) = 0
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or equivalently,
(21) L(A,Φ)ξ = d∗AA˙ − 2πskew(i ∗ [Φ∗ ∧ Φ˙]),
where
(22) L(A,Φ) ∶= (D1(A,Φ))∗D1(A,Φ) =∆A − 2πskew(i ∗ [Φ∗ ∧ [Φ ∧ ⋅]]).
This operator already played a role in [MSWW14], albeit acting on isu(E)
rather than su(E). Now
⟨Lξ, ξ⟩ = ∥dAξ∥2 + 2∥ [Φ ∧ ξ] ∥2,
so solutions to Lξ = 0 are parallel and commute with Φ. But as already
used in [MSWW14], if q = detΦ is simple, then the solution (A,Φ) must be
irreducible. This implies that L is bijective, and so (21) admits a unique
solution.
If (A,Φ) is sufficiently close to an exact solution, then L(A,Φ) remains
invertible and hence the conclusion is true then as well. 
For an approximate solution Sappt = (Aappt , tΦappt ), define
Mtξ ∶=MΦappt ξ ∶= −2πskew(i ∗ [(Φappt )∗ ∧ [Φappt ∧ ξ]])
and also set
D1t ξ ∶=D1(Aappt +η,tΦappt )ξ = (dAappt ξ + [η ∧ ξ], t[Φappt , ξ]),
Ltξ ∶= (D1t )∗D1t ξ =∆Aappt +ηξ − 2t2πskew(i ∗ [(Φappt )∗ ∧ [Φappt ∧ ξ]]).
Note that for any pair (At, tΦt),
Lt =∆At + t2Mt.
5.1. Analysis of L−1t . We now study the inverse Gt = L−1t , recalling from
[MSWW14, Proposition 5.2] that Lt is uniformly invertible when t is large,
(23) ∥Gtf∥L2(X) ≤ C∥f∥L2(X),
where C does not depend on t. This estimate controls the size of the gauge-
fixing terms below. However, we require finer information about these terms,
so we now examine the structure and mapping properties of this inverse more
closely.
By construction, the approximate solution (Aappt , tΦappt ) is precisely equal
to a fiducial solution inside each Dp. This simplifies the results and argu-
ments below, though these all have analogues if this is not the case, e.g.
when (A, tΦ) is an exact solution.
We first examine the scaling properties of the operator Lt in each Dp. Set
̺ = t2/3r (note the difference with the previous change of variables ρ = 8
3
tr3/2
used earlier). The coefficients of At depend only on ̺, and the dθ in At
does not need to be transformed. Write ∆At = r−2∆̂t, where ∆̂t = −(r∂r)2 +(−i∂θ + a(t2/3r))2 for some hermitian matrix a. Now r∂r = ̺∂̺, so ∆̂t can
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be reexpressed (in Dp) as an operator ∆̂ρ which depends on (̺, θ) but not
on t. The prefactor r−2 equals t4/3̺−2, so
∆At = t4/3̺−2∆̺̂ ∶= t4/3∆̺.
The second term t2Mt appearing in Lt behaves similarly. Indeed, the
matrix entries of Φt and Φ
∗
t equal r
1/2 times functions of t2/3r = ̺, so that
t2Mt = t2rM̂ρ ∶= t4/3M̺,
where M̺ = ρM̺̂ is an endomorphism with coefficients depending only on(̺, θ).
Altogether, in each Dp,
(24) Lt = t4/3L̺ where L̺ =∆̺ +M̺.
The operator L̺ is smooth on R2, and converges exponentially quickly as
ρ→∞ to
(25) L∞ =∆∞ +M∞;
here ∆∞ is the Laplacian for A
fid
∞ and M∞ = −2πskew(i∗[(Φfid∞ )∗∧[Φfid∞ ∧⋅]]),
both expressed in terms of ̺.
It follows from (24) that if we consider the operator Lt evaluated at a
fiducial solution (Afidt ,Φfidt ), acting on some space of fields (with specified
decay) on the entire plane R2, then the Schwartz kernel of its inverse Gfidt
satisfies
(26) Gfidt (z, z˜) = G̺(t2/3z, t2/3z˜).
(Note that we might expect an additional factor of t−4/3 on the right side of
this equation; this actually does appear because of the homogeneity of the
standard Lebesgue measure dσ(z˜) on C, cf. also the proof of Proposition 5.3
below.) To check this, we calculate
LtGfidt (z, z˜) = t4/3(L̺G̺)(t2/3z, t2/3z˜) = t4/3δ(t2/3z − t2/3z˜) = δ(z − z˜)
since the delta function in two dimensions is homogeneous of degree −2.
We next check that Gfidt is uniformly bounded in L
2 for t ≥ 1 (and indeed
its norm decreases as t→∞). To this end, define (Utf)(w) = t−2/3f(t−2/3w),
so that Ut ∶ L2(dσ(z)) → L2(dσ(w)) is unitary for all t. We then write
u(z) = Gfidt f(z) = ∫ G̺(t2/3z, t2/3z˜)f(z˜)dσ(z˜)
= t−2/3∫ G̺(t2/3z, w˜)(Utf)(w˜)dσ(w˜),
so that (Utu)(w) = t−4/3G̺(Utf)(w),
or finally
Gfidt = t−4/3U−1t G̺Ut,
which proves the claim.
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We define X ′ ∶=X ∖⊔p∈p Dp and refer to this set as the exterior region in
the following. If (A∞,Φ∞) is the limiting configuration used in the approx-
imate solution Sappt , let G
ext denote an inverse (or even just a parametrix
up to smoothing error) for the corresponding operator L∞ on the exterior
region. Writing Dp(a) for the disk of radius a around p, choose a partition
of unity {χ1, χ2} subordinate to the open cover ⊔Dp and X ∖ ⊔Dp(7/8).
Choose two further cutoff functions χ˜1 and χ˜2 so that χ˜j = 1 on the support
of χj, and with supp χ˜1 ⊂ ⊔Dp, supp χ˜2 ⊂ X ∖ ⊔Dp(3/4). Then define the
parametrix for Lt,
G̃t = χ˜1Gfidt χ1 + χ˜2Gextχ2.
As an equation of distributions on X ×X,
G̃tLt = Id −Rt;
this remainder term
Rt = χ˜1Gfidt [Lt, χ1] + χ˜2Gext[Lt, χ2] + χ˜2Rextχ2.
is a smoothing operator; indeed, the support of χ˜j(z) does not intersect the
support of ∇χj(z˜), j = 1,2, and the Green functions are singular only along
the diagonal, so the first two terms have smooth kernels. The remaining
term Rext is the smoothing error GextLt = Id −Rext.
Suppose now that ut and ft satisfy Ltut = ft, or equivalently, ut = Gtft.
Applying G̃t to ft instead gives that
(27) ut = G̃tft +Rtut.
We are interested in two specific mapping properties. The first one when
ft is supported in the exterior region, outside the disks, and the second when
ft is supported in one of these balls and has the form ft(r, θ) = f(t2/3r, θ).
We consider these in turn.
Proposition 5.2. Suppose that Ltut = f , where f is C∞ and supported in
the exterior region X ′. Then for any k ≥ 0, ∥u∥Hk+2(X) ≤ Ctm∥f∥Hk(X)
where m =m(k) > 0 and C is independent of t.
Proof. Since L−1t ∶ L2 → L2 is bounded uniformly for t ≥ 1, we have ∥ut∥L2 ≤
C∥f∥L2 (on all of X), where C is independent of t. Next, the coefficients of
∆At = Lt − t2MΦt and of MΦt are uniformly bounded in C∞ on X ′, so em-
ploying local elliptic estimates there, and using the estimate above for the L2
norm of ut shows that ∥ut∥Hk+2(X′) ≤ Ct2∥f∥Hk(X), again with C indepen-
dent of t. We turn this estimate into one over Dp as follows. We first extend
ut from X
′ to a function vt on X such that ∥vt∥Hk+2(X) ≤ Ct2∥f∥Hk(X).
In particular, the difference wt ∶= ut − vt satisfies Dirichlet boundary condi-
tions on Dp and vanishes on X
′. Also, the restriction to Dp of wt satisfies
Ltwt = −Ltvt. Because the coefficients of the operator Lt are polynomially
bounded in t it follows that ∥Ltwt∥Hk(Dp) ≤ Ctm1∥f∥Hk(X) for some m1 =
m1(k) ≥ 2. Arguing now exactly as in the proof of [MSWW14, Proposition
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5.2 (ii)], it follows that ∥wt∥Hk+2(Dp) ≤ Ctm∥f∥Hk(X) for some further con-
stant m = m(k) ≥ m1. Therefore, ∥ut∥Hk+2(X) ≤ ∥wt∥Hk+2(X) + ∥vt∥Hk+2(X) ≤
Ctm∥f∥Hk(X), proving the claim. 
We now come to a key concept. The class of functions (or fields) which
arise in the rest of this paper have the property that they decay exponentially
as t → ∞ away from the zeroes of q, but concentrate with respect to the
natural dilation near each of these zeroes. We call the building blocks of
such functions exponential packets.
Definition 5.1. A family of functions µt(z) on R2 is called an exponential
packet if it is of the form µt(z) = (t2/3∣z∣)τµ(t2/3z) where
● µt(z) = µ(t2/3z) where µ(w) is smooth and decays like e−β∣w∣3/2 along
with all of its derivatives for some β > 0,
● τ > 0.
An exponential packet of weight σ is a function of the form tσµt(z), where
σ ∈ R and µt(z) is an exponential packet. Finally, we say simply that
a function µt on X is a convergent sum of exponential packets if in the
standard holomorphic coordinate in each Dp it is a C∞ convergent sum of
exponential packets and decays like e−βt for some β > 0 along with all its
derivatives outside of the Dp. If the exponential packets involve factors of(t2/3∣z∣)τ as above, then the sense in which these sums converge must be
modified. In the applications below we shall only encounter the same extra
factor (t2/3∣z∣)1/2 in all terms of the sum, so it may be simply pulled out of
the sum.
Proposition 5.3. Suppose that ft(z) is an exponential packet supported in
some Dp. Then ut = Gtft is an exponential packet t−4/3µt(t2/3z) of weight
−4
3
.
Proof. We have
∫ Gfidt (z, z˜)f(t2/3z˜)dσ(z˜) = t−4/3 ∫ Gfidt (z, t−2/3w˜)f(w˜)dσ(w˜).
Thus if we set w = t2/3z, then the right hand side equals
t−4/3∫ Gfidt (t−2/3w, t−2/3w˜)f(w˜)dσ(w˜)∣w=t2/3z = t−4/3µt(z).
This computation shows thatGfidt ft is exponentially small outside of Dp(1/2),
say.
Now fix a cutoff function χ which equals 1 in Dp(3/4) and which vanishes
outside Dp(7/8), and set u˜t = χGfidt ft. (In other words, we localize the
function Gfidt f from R
2 to the disk.) Then
Lt(u˜t − ut) = [Lt, χ]Gfidt ft + χft − ft ∶= ht.
The calculation above shows that ht decays exponentially. Hence writing
ut = u˜t − vt, then vt = Gtht decays exponentially, first in any Sobolev norm,
then in C∞. This proves the result. 
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The preceding results now give the following useful result:
Corollary 5.4. If ft is a convergent sum of exponential packets, then ut =
Gtft is also a convergent sum of exponential packets. More precisely,
ft =∑
j
tσ−2j/3fj,t +O(e−βt)Ô⇒ ut =∑
j
tσ−4/3−2j/3uj,t +O(e−βt).
5.2. Smooth dependence on parameters. The considerations above will
be applied in the next sections to prove the existence of expansions as t→∞
for the various components of the L2 metric. An important addendum is that
these are true polyhomogeneous expansions, i.e., the derivatives with respect
to various parameters of these metric coefficients have the corresponding
differentiated expansions. For certain derivatives, e.g. those with respect to
t, this is not hard to deduce. However, it is much less obvious for derivatives
in other directions, particularly those with respect to q. We now discuss the
reasoning which will lead to this conclusion in all cases.
The first key point is the fact that the spectral curve Sq varies smoothly
as q varies in B′. This follows immediately from the nonsingularity of the
defining relation λ2SW − q = 0 when q lies away from the discriminant locus.
We have also already described the normal vector field Nq˙ arising from the
variation Sq+sq˙. It is evident from the discussion in §2.3 that Nq˙ is tangent
to the zero section 0 of KX at the intersection points Sq ∩ 0, i.e., at the
zeroes of q.
The second key point is that the (sums of) exponential packets encoun-
tered below are mostly of a very special type in that they lift to restric-
tions to Sq of globally defined functions on KX which decay exponentially
along the fibers. To make this precise, we define the class of global ex-
ponential packets and their sums. By definition, a sum of global expo-
nential packets is a function µ on the total space of KX which is smooth
away from the zero section, has an integrable polyhomogeneous singular-
ity at 0, and decays exponentially as ∣w∣ → ∞ in each fiber of KX . The
last two conditions here mean that in standard coordinates (z,w) on KX ,
µ(z,w) ∼ ∑µj(z,argw)∣w∣γj as w → 0, where each µj is smooth and the
exponents γj → ∞, and ∣µ(z,w)∣ ≤ Ce−β∣w∣ as w → ∞. (The examples here
are all of the form γj = j or γj = j + 1/2, j ∈ N.)
Proposition 5.5. Let µ be a convergent sum of global exponential packets
on KX and µq the restriction of µ to the spectral curve Sq. Then the family
of integrals
q z→ ∫
Sq
µq dA
has a convergent expansion as ∥q∥L2 →∞ in B′, which holds along with all
its derivatives.
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Proof. Let q vary along a transversal to the R+ action and consider the
function (t, q)z→ ∫
Stq
µtq dA = ∫
tSq
µtq dA.
The restrictions of these integrals to any fixed region ∣w∣ ≥ c > 0 in KX decay
exponentially in t, uniformly as q varies in a small set. Thus we may restrict
to disks Di in Sq centered at the zeroes of q and write the corresponding
integrals in local coordinates. For q fixed, the integral of an exponential
packet on a fixed disk is a monomial ctα for some α, so the integral of a
convergent sum of exponential packets becomes a convergent sum of such
monomials. This is clearly polyhomogeneous in t. The smoothness in t is
also straightforward from these local coordinate expressions.
The smoothness in q is also now clear since the spectral curve varies
smoothly with q. There is one small point to mention, however. If µ has a
polyhomogeneous singularity along the zero section, we must use that the
variation of Sq is tangent to the zero section. Indeed, we can write the
contribution on the disk around q as an integral on a varying family of disks
transverse to the zero section in KX . The derivative of this integral with
respect to q is then the integral of the derivative of µ with respect to the
variation vector field. However, µ is polyhomogeneous along the zero section
so differentiating it with respect to vector fields tangent to the zero section
does not change its regularity nor the form of its asymptotic expansion at
the zero section. This implies that the derivative in q of the integral along
this family of disks is smooth in q. 
6. Horizontal asymptotics of the L2-metric
In this and the next few sections, we put into gauge the infinitesimal
deformations of the families of approximate solutions, and then evaluate the
L2 metric on these. We begin now by considering the horizontal tangent
vectors on (Mapp)′.
Henceforth, fix an approximate solution
S
app
t = (Aappt + η, tΦappt ) ∈ (Mapp)′.
Now consider the variations of (19) and (20) with respect to q:
A˙
app
t ∶=
d
dε
∣
ε=0
A
app
t (q + εq˙)
= (4f ′t(∣q∣k)∣q∣k Re q˙q Im ∂¯ log ∣q∣k − 2ft(∣q∣k)d Im
q˙
q
)(i 0
0 −i) .
(28)
and
(29) Φ˙appt ∶=
d
dε
∣
ε=0
Φappt (q + εq˙) = ⎛⎝ 0 e
−ht(∣q∣k)∣q∣− 12
k
(q˙ − qQ)
eht(∣q∣k)∣q∣1/2
k
Q 0
⎞
⎠ ,
where Q = 1
2
+ ∣q∣kh′t(∣q∣k)Re q˙q . Then (A˙appt + η˙, tΦ˙appt ), η˙ = [η ∧ γ∞], is
tangent to (Mapp)′ at Sappt , cf. Lemma 3.9.
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The gauge-correction is a two-step process. First we employ an infini-
tesimal gauge-transformation adapted to the local structure of Sappt near
the zeroes of q. The remaining correction term is found using the global
methods from §5.
6.1. Initial gauge correction step. The infinitesimal gauge transforma-
tion
γt ∶= −2ft(∣q∣k) Im q˙
q
(i 0
0 −i)
is the obvious desingularization of the field γ∞ used in §3 to remove the
main singularity of the limiting configuration. We thus define
(αt, tϕt) ∶= (A˙appt + η˙, tΦ˙appt ) −D1Sappt γt ∈ TSappt Mapp,
or more explicitly,
αt ∶= A˙appt + η˙ − dAappt +ηγt,
tϕt ∶= tΦ˙appt − t[Φappt ∧ γt].(30)
This is a tangent vector to a small perturbation of a point in (Mapp)′ at
radius t, so it is natural to rescale this tangent vector by a factor of t and
show that it converges as t → ∞. In other words, we consider convergence
of the pair (t−1αt, ϕt). Since γt → γ∞ in C∞ away from the zeroes of q, we
see that
(t−1αt, ϕt)→ (0, ϕ∞) = (A˙∞, Φ˙∞) −D1S∞γ∞ as t→∞.
(In fact, αt tends to 0 away from each Dp even without the extra factor of
t−1.) Direct calculation shows that this pair is closer by a factor t−m, m > 0,
to being in gauge than (A˙appt , tΦ˙appt ).
We now examine αt and ϕt more closely. First,
dAappt +η
γt = [η ∧ γt] − 2(f ′t(∣q∣k) Im q˙q d∣q∣k + ft(∣q∣k)d Im
q˙
q
)(i 0
0 −i) ,
whence, recalling that η˙ = [η ∧ γ∞],
αt = A˙appt + η˙ − dAappt +ηγt
= [η ∧ (γ∞ − γt)] + 4f ′t(∣q∣k) Im q˙
q
d∣q∣k (i 00 −i) .
(31)
As for the other term,
[Φappt ∧ γt] = 4ift(∣q∣k) Im q˙q
⎛
⎝ 0 ∣q∣
− 1
2
k
e−ht(∣q∣k)q
−∣q∣ 12
k
eht(∣q∣k) 0
⎞
⎠ ,
34 RAFE MAZZEO, JAN SWOBODA, HARTMUT WEISS, AND FREDERIK WITT
so that
ϕt = Φ˙appt − [Φappt ∧ γt]
=
⎛⎜⎝
0 (1
2
− ∣q∣kh′t(∣q∣k))e−ht(∣q∣k)∣q∣− 12k q˙
(1
2
+ ∣q∣kh′t(∣q∣k))eht(∣q∣k)∣q∣ 12k q˙q 0
⎞⎟⎠ dz.
(32)
We next analyze the asymptotics of the family (t−1αt, ϕt) in each disk Dp.
Proposition 6.1. Fix ϕ∞ ≠ 0 as in (15). Then in each disk Dp,
t−1αt =
∞
∑
j=0
Aj,tt
(1−2j)/3
and
ϕt − ϕ∞ =
∞
∑
j=0
Bj,tt
(1−2j)/3
as t → ∞, where the coefficients Aj,t and Bj,t are exponential packets and
the sum is convergent. Outside the union of the disks Dp,
∣t−1αt∣ + ∣ϕt −ϕ∞∣ ≤ Ce−βt.
Proof. The exponential decay outside the Dp is clear, so we focus on the
behavior inside one of the disks. With a holomorphic coordinate z for which
q = zdz2, we have q˙ = f˙dz2 for some holomorphic f˙ . We assume further that
H is the standard flat metric on the local holomorphic frame dz±1/2 and
that η vanishes on Dp. Then in this region,
αt = 4f ′t(r) Im f˙z dr (i 00 −i) , and
ϕt−ϕ∞ =
⎛
⎝
0 ((1
2
− rh′t(r))e−ht(r) − 12)r− 12 f˙((1
2
+ rh′t(r))eht(r) − 12)r 12 f˙z 0
⎞
⎠dz.
(33)
We now recall that ft, ht and (r∂r)ht are all functions of ρ = tr3/2 and satisfy
ft(ρ) → 1/8 and ht(ρ) ≤ Ce−βρ. A brief calculation shows that f ′t(r) is t2/3
times a smooth exponentially decreasing function of ρ. The assertions now
follow once we expand f˙ in a Taylor series and write each rj as (t2/3r)jt−2j/3
in the expression for αt and r
j−1/2 = (t2/3r)j−1/2t(1−2j)/3 in the expression
for ϕt −ϕ∞. 
We briefly describe the regularity of the coefficients in (33) when pulled
back to the spectral curve.
First, up to constant multiples, the coefficients in αt have the form
f ′t(∣q∣k) Im( q˙q)d∣q∣k = f ′t(∣λ∣2) Im(
q˙
λ2
)d∣λ∣2
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where we consider the right side as a function of λ ∈ KX . However, ft(r)
has a double zero, hence f ′t(r) vanishes at r = 0, so f ′t(∣λ∣2) vanishes to order
2, and altogether this expression has a simple zero at the zero section.
On the other hand, the upper right coefficient in ϕt −ϕ∞ has the form
µt(∣q∣k)∣q∣−1/2k q˙ = µt(∣λ∣
2)
∣λ∣ q˙,
where µt is an exponential packet. This has a simple pole at the zero section
of KX , and as we now check, its restriction to the spectral curve is bounded.
Indeed, choose the usual coordinate w2 = z, so q˙ = f˙dz2 = 4f˙w2dw2 and
λ = wdz = 2w2dw. These give that q˙/∣λ∣ = 2f˙ w2
∣w∣2∣dw∣
dw2. The discussion for
the coefficient in the lower left is analogous.
In either case, the terms are global exponential packets of precisely the
sort considered in Proposition 5.5.
6.2. Second gauge correction step. Following (21), we now solve
(34) Ltξt = Rt ∶= d∗Aappt +ηαt − 2t
2πskew(i ∗ [(Φappt )∗ ∧ϕt]).
Lemma 6.2. The error term Rt is a convergent sum of exponential packets
of weights 2 − 2j/3: in each Dp,
Rt =
∞
∑
j=0
t2−2j/3kj,t(z)(i 00 −i) , kj,t(z) = kj(t2/3z).
Proof. As before, choose a holomorphic coordinate z in Dp so that q = zdz2,
and assume that hermitian metric is trivial on the frame dz±1/2. Following
the discussion in §4, assume also that η, and hence η˙ = [η∧γ∞], both vanish
on Dp.
Using (33), we calculate that
d∗
A
app
t
αt = 4d∗(f ′t(r) Im(f˙/z)dr) (i 00 −i) ,
= 4(−∂r(f ′t(r)r−1) − f ′t(r)r−2 − (f ′t(r)r−2)r∂r) Im(e−iθ f˙)(i 00 −i) .
This can then be simplified using
f ′t(r)r−2 = 2t2 sinh(2ht(r)), and
∂r(f ′t(r)r−1) = ∂r(2t2r sinh(2ht(r))) = 2t2(1 + r∂r) sinh(2ht(r)),
In addition,
− 2t2πskew(i ∗ [(Φappt )∗ ∧ϕt]) =
4t2Re(ie−iθ f˙) (sinh(2ht) + 2(r∂rht) cosh(2ht)) (i 00 −i) .
The rest of the argument is exactly as in the proof of (6.1). 
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We now invoke the detailed mapping properties for L−1t = Gt from Propo-
sitions 5.2 and 5.3 and Corollary 5.4 to conclude the following.
Proposition 6.3. The gauge correction field ξt is a convergent sum of ex-
ponential packets plus an exponentially small remainder term:
ξt =
∞
∑
j=0
ξj,t(z)t(2−2j)/3 +O(e−βt), ξj,t(z) = χj(t2/3z),
and hence the actual gauge correction term D1t ξt is also of this type:
(35) D1t ξt =
∞
∑
j=0
ηj,t(z)t(4−2j)/3 +O(e−βt), ηj,t(z) = ηj(t2/3z).
Note that we must also include the scaling by t−1, i.e., the gauge correction
of (t−1αt, ϕt) is t−1D1t ξt, which is a sum of exponential packets starting with
t1/3η0,t.
The relationship between the gauged infinitesimal deformations to the
approximate moduli space and to the space of limiting configurations is
then
(36) (t−1αt, ϕt) − t−1D1t ξt = (0, ϕ∞) + ∞∑
j=0
Cjt
(1−2j)/3 +O(e−βt),
and hence
(37)∥(t−1αt,ϕt) − t−1D1t ξt∥2L2
= ∥ϕ∞∥2L2 + 2⟨ϕ∞, ∞∑
j=0
Cjt
(1−2j)/3⟩L2 + ∥ ∞∑
j=0
Cjt
(1−2j)/3∥2L2 +O(e−βt)
= ∥ϕ∞∥2L2 + ∞∑
j=0
Sjt
−(2+j)/3 +O(e−βt).
The shift by the factor t−4/3 in the final series is due to the Jacobian factor
in the integration. This same shift appears several times below.
This is the equation which expresses the difference between the metric
coefficients for the Hitchin and semiflat metrics in this particular direction.
By polarization we can obtain a similar expansion for the mixed horizontal
metric coefficients. Thus, if (vhor)(j) = (A˙(j)∞ + η˙(j), Φ˙(j)∞ −D1t (γ(j)t + ξ(j)t )),
j = 1,2, are two different gauged horizontal deformations, then
t−2⟨(vhor)(1), (vhor)(2)⟩L2
= t−2⟨(vhor)(1), (vhor)(2)⟩sf + ∞∑
j=0
S′j((vhor)(1), (vhor)(2))t−(2+j)/3,
where the S′j are symmetric 2-tensors on horizontal tangent vectors which
are independent of t.
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Proposition 5.5 ensures that all expansions here may be differentiated,
so that these are ‘classical’ expansions (cf. the discussion preceding Lemma
4.1) for the horizontal part of the metric.
Observe from Propositions 6.1 and 6.3 that the two terms (t−1αt, ϕt−ϕ∞)
and t−1D1t ξt are both sums of exponential packets with the same leading
order exponent t1/3. This leaves open the possibility of some unexpected
cancellations, so that S0 and perhaps some or all of the remaining Sj might
vanish.
As already mentioned in the introduction, it has emerged in very recent
work by David Dumas and Andy Neitzke that this cancellation actually
does occur, at least along the Hitchin section and in horizontal directions.
Their paper [DN] presents a beautiful formula which proves that the integral
expressing the difference between the semiflat and Hitchin metrics for the
model case of the Hitchin section over C actually vanishes. This relies on
a very interesting integral identity, the full meaning of which is not yet
clear. These authors go on to prove that the rate of convergence for the
horizontal metric coefficients over the Hitchin section on a general surface
X is exponential.
7. Asymptotics in the radial direction
Amongst the horizontal directions, already analyzed in §6, the radial di-
rection is distinguished. This is, of course, the direction where q˙ = q, so in
particular the term q˙/q appearing in many formulæ in that section equals 1.
Let (A∞ + η,Φ∞) be a limiting configuration associated with q (normal-
ized so that ∫X ∣q∣ = 1), and (Aappt + η,Φappt ) the corresponding family of
approximate solutions. Then from (15) and the fact that Im(q˙/q) = 0, we
obtain αt = 0,
ϕ∞ = ⎛⎝ 0
1
2
∣q∣−1/2
k
q
1
2
∣q∣1/2
k
0
⎞
⎠ dz =
1
2
Φ∞,
and by (32),
ϕt = Φ˙appt =
⎛
⎝ 0 (
1
2
− ∣q∣kh′t(∣q∣k))e−ht(∣q∣k)q/∣q∣1/2k(1
2
+ ∣q∣kh′t(∣q∣k))eht(∣q∣k)∣q∣1/2k 0
⎞
⎠ .
Subtracting these, or more simply using q˙/q = 1 in (33), we have
ϕt −ϕ∞ =
⎛
⎝
0 ((1
2
− ∣q∣kh′t(∣q∣k))e−ht(∣q∣k) − 12)q/∣q∣1/2k((1
2
+ ∣q∣kh′t(∣q∣k))eht(∣q∣k) − 12)∣q∣ 12k 0
⎞
⎠dz.
Previously, the infinite Laurent expansion of q˙/q led to an infinite sum of
weighted exponential packets, while here each of the two nonzero entries in
ϕt −ϕ∞ is a single weighted exponential packet.
We summarize these observations in the following proposition:
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Proposition 7.1. This difference has the form
ϕt −ϕ∞ = ϕt − 12Φ∞ = t−1/3 ( 0 A1t (z)B1t (z) 0 ) +O(e−βt),
where the two off-diagonal terms are exponential packets of weight −1/3.
Next we put (0, ϕt) into Coulomb gauge by solving
Ltξt = Rt ∶= −2tπskew(i ∗ [(Φappt )∗ ∧ ϕt]).
Notice that the approximate solution (Aappt +η, tΦappt ) is altered by ϕt, rather
than tϕt, which explains why there is only the single factor t rather than
the factor t2 in (34).
Inspecting the terms above, and also rewriting ϕt = ϕ∞ + (ϕt − ϕ∞),
Φfidt = Φ∞ + (Φfidt − Φ∞) so as to take advantage of normality at t = ∞, we
obtain
Proposition 7.2. The error term Rt is a diagonal exponential packet of
weight 1/3,
Rt = t1/3Ht +O(e−βt).
Consequently, ξt = t−1Jt +O(e−βt) and D1t ξt = t−1/3Kt +O(e−βt), where Jt
and Kt are exponential packets.
Proposition 7.3. The L2 metric on a radial tangent vector has the follow-
ing expansion:
∥(0, ϕt) −D1t ξt∥2L2 = ∥ϕ∞∥2L2 + at−5/3 +O(e−βt).
Note finally that by (8), ∥ϕ∞∥2L2 = ∥tq∥2sK at the point t2q, and this equals
1/4 provided ∫X ∣q∣ = 1.
8. Asymptotics in fiber directions
We now consider variations in the fiber directions. Just as in the previ-
ous section, we first compute the infinitesimal deformations of approximate
solutions, and then use a similar two-step correction to put these into gauge.
Fix a limiting configuration which, to simplify notation, we write simply
as (A∞,Φ∞) rather than (A∞ + η,Φ∞), even though it is not necessarily
in the Hitchin section. By Proposition 3.3 and Corollary 3.5, a fiberwise
infinitesimal deformation of (A∞,Φ∞) is an element of H1(X×;L∞), which
in turn is identified with a unique L2 harmonic representative in
H1(X×;L∞) = {α∞ ∈ Ω1(X×,L∞) ∶ p∗qα∞ ∈ H1(Sq; iR)odd},
where pq ∶ Sq → X× is the spectral cover. We use the notation that the
complex line bundle LC∞ = {γ ∈ sl(E) ∣ [Φ∞ ∧ γ] = 0} on X× splits into the
sum of real line bundles, L∞ ∶= LC∞ ∩ su(E) and iL∞, of skew-hermitian and
hermitian elements, respectively.
We first replace this infinitesimal deformation with one supported in the
union of annuli Ap ∶= Dp ∖Dp(1/2).
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Lemma 8.1. For each α∞ ∈ H1(X×;L∞), there exists ξ∞ ∈ Ω0(X×,L∞)
with supp ξ∞ ⊂ ⊔p∈pDp and ξ∞(z) =∑∞j=0 ξ∞,jrj+1/2 near each p, so that
(38) β∞ ∶= α∞ − dA∞ξ∞
is supported outside each Dp(1/2). Furthermore, dA∞β∞ = 0 and R ∶=
d∗A∞β∞ ∈ Ω0(X×;L∞) is supported in ⊔p∈pAp.
Proof. Choose coordinates on each Dp such that z = pq(w) = w2. Then
p∗qα∞ = fdw − f¯ dw¯ where f is holomorphic and even with respect to the
involution σ(w) = −w (observe that dw,dw¯ are odd with respect to σ). We
then choose a local primitive F (w) for f(w), which by replacing F (w) by(F (w) − F (−w))/2 we may as well assume to be odd, and this then gives a
local primitive ξ∞∣Dp for α∞ by
p∗qξ∞∣Dp = F − F¯ .
Since F is odd, ∣F (w)∣ = O(∣w∣), so ξ∞∣Dp = O(r1/2).
Now patch these local primitives ξ∞∣Dp together to obtain ξ∞ using smooth
cutoff functions with gradients supported in ⊔p∈pAp. The assertions about
the supports of ξ∞ and β∞ are now obvious. Since dA∞α∞ = 0 and FA∞ = 0
we obtain dA∞β∞ = 0. Last, since d∗A∞α∞ = 0 we see that R = −d∗A∞dA∞ξ∞
has support in ⊔p∈pAp. 
We can view β∞ as an ungauged tangent vector to the space of approx-
imate solutions at (Aappt ,Φappt ). Indeed, (Aappt ,Φappt ) = (A∞,Φ∞)gappt for a
(singular) complex gauge transformation, which we can assume equals the
identity outside each Dp(1/2). Hence its differential preserves β∞. This
yields for each t the gauged tangent vector
(39) (αt, ϕt) ∶= (β∞,0) −D1t ξt
where ξt ∈ Ω0(su(E)) is the unique solution to
(40) Ltξt = (D1t )∗(β∞,0) = d∗A∞ β∞ = E,
where we have assumed without loss of generality that Aappt = A∞ on
suppβ∞. To estimate ξt, we write ξt = (ξ∞ + ξt) − ξ∞ and consider the
equivalent equation
(41) Lt(ξt + ξ∞) = Rt,
where
Rt = R +Ltξ∞ = Ltξ∞ −∆A∞ξ∞.
However, recall that L∞ξ∞ = ∆A∞ξ∞ since ξ∞ commutes with Φ∞ and
d∗A∞ξ∞ = 0. Thus
Rt = (Lt −L∞)ξ∞ = (∆At −∆A∞)ξ∞ + t2(MΦt −MΦ∞)ξ∞.
Proposition 8.2. Both
Rt =
∞
∑
j=1
ρj,t(z)t1−2j/3 +O(e−βt) and ξt+ ξ∞ = ∞∑
j=0
bj,t(z)t(−1−2j)/3 +O(e−βt)
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are convergent sums of exponential packets of weights 1−2j/3 and (−1−2j)/3,
respectively.
Proof. As in Lemma 8.1, near each p,
ξ∞ =
∞
∑
j=0
ξ∞,j(z)t(−1−2j)/3,
where the coefficients are independent of t. Next, following the rescaling
calculation in §5.1,
Lt − (∆∞ + t2M∞) = t4/3((L̺ −L∞) + (M̺ −M∞)),
and the coefficients of ∆∞ − ∆̺ and M∞ −M̺ are weighted exponential
packets. The conclusions then follow immediately. 
We next analyze the difference between the initial vertical tangent vector(α∞,0) and the gauged one,
(42) (αt, ϕt) ∶= (β∞,0) −D1t ξt.
Proposition 8.3. The difference (αt, ϕt) − (α∞,0) is a convergent sum of
exponential packets,
(αt, ϕt) − (α∞,0) = ∞∑
j=0
cj,t(z)t(1−2j)/3 +O(e−βt).
Proof. By (39),
(αt, ϕt) = (β∞,0) −D1t ξt = (α∞,0) − (dA∞ξ∞,0) − (dAtξt, t[Φt, ξt]).
Now write
dA∞ξ∞ + dAtξt = (dA∞ − dAt)ξ∞ + dAt(ξ∞ + ξt);
and observe also that
dA∞ − dAt = −(2ft(r) − 14)(i 00 −i)dθ.
Since 2ft(r) − 14 = η(̺) and ∣dθ∣ = r−1 = ̺−2/3t2/3, we see that
(dA∞ − dAt)ξ∞ = ∞∑
j=1
bj,t(z)t(1−2k)/3 +O(e−βt)
is a sum of exponential packets, and by Proposition 8.2, so is
dAt(ξ∞ + ξt) = ∞∑
j=1
b˜j,t(z)t(1−2k)/3 +O(e−βt).
This shows that dA∞ξ∞ + dAtξt has the correct form.
For the other term, note that [Φ∞, ξ∞] = 0, so that
t[Φt, ξ∞] = t[Φt −Φ∞, ξ∞],
and since this difference of Higgs fields is a weighted exponential packet, the
same conclusion holds. 
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Corollary 8.4.
∥(αt, ϕt)∥2L2(X) = ∥(α∞,0)∥2L2(X) + ∞∑
j=0
Cjt
−(2+j)/3 +O(e−βt)
as t→∞; in particular ∥(αt, ϕt)∥2L2 − ∥(α∞,0)∥2L2 = O(t−2/3).
If (α(j)t , ϕ(j)t ), j = 1,2, are two gauged vertical tangent vectors, then
⟨(α(1)t , ϕ(1)t ), (α(2)t , ϕ(2)t )⟩L2
= ⟨(α(1)t , ϕ(1)t ), (α(2)t , ϕ(2)t )⟩sf + ∞∑
j=0
S′′j ((α(1)t , ϕ(1)t ), (α(2)t , ϕ(2)t )t−(2+j)/3
We make some comments about why these expansions may be differen-
tiated. Note first that by construction, ξ∞ is smooth on Sq. The term
R = d∗A∞β∞ = −d∗A∞dA∞ξ∞ is smooth away from the zero section and has a
polyhomogeneous singularity there. The operator Lt varies smoothly with
the spectral curve, and the derivatives of its coefficients with respect to t∂t
do not change form. As we have seen, this ensures that the solution ξt to
Ltξt = R also has a smooth expansion. This allows us to conclude that all
the expansions in this section may be differentiated.
9. Asymptotics of mixed terms
The horizontal and vertical directions are orthogonal with respect to the
semiflat metric, but the L2 metric has some nontrivial mixed terms. We
now study their asymptotics.
We have proved above that if vhor and wvert are horizontal and vertical
tangent vectors in Coulomb gauge above t2q, then
1
t
vhor = 1
t
vhor∞ +
∞
∑
j=0
vjt
(1−2j)/3 +O(e−βt),
wvert = wvert∞ +
∞
∑
j=0
wjt
(1−2j)/3 +O(e−βt),
where the vj and wj are exponential packets. In analyzing the inner product
between a vertical and a horizontal vector, the only terms potentially of
concern are those of the form
∫
X
⟨µt(∣q∣k)∣q∣−1/2k q˙, η⟩
where µt is an exponential packet and η is one of the terms in the expan-
sion of D1t ξt. To analyze such an expression, write q˙ = f˙dz2 = 4f˙w2dw2,∣q∣1/2
k
= ∣λ∣ = ∣w∣∣dz∣ = 2∣w∣2∣dw∣ and η = hdz2 = 4hw2dw2. Then the integrand
becomes
µt(∣q∣k)∣q∣−1/2k ⟨q˙, η⟩ = 8µt(∣q∣k)Re(f˙ h¯)∣w∣2,
which is smooth on Sq and smooth as q varies.
In summary, we obtain
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Corollary 9.1.
⟨t−1vhor,wvert⟩L2 = ⟨t−1vhor,wvert⟩sf + ∞∑
j=0
Cjt
−(2+j)/3 +O(e−βt).
The same types of arguments as before, relying on Proposition 5.5, show
that these expansions are convergent and may be differentiated at will.
10. Proof of Theorem 1.2
We now come to the final steps in the proof of Theorem 1.2 by showing
that the true moduli space M′ is an exponentially small perturbation of
the approximate moduli space (Mapp)′. More specifically, we construct a
diffeomorphism F ∶ M′ → (Mapp)′ such that the difference between the
pullback of the L2 metric on (Mapp)′ and the L2 metric on (Mapp)′ decays
exponentially as t→∞.
The subtleties in the discussion below involve gauge choices, so we de-
scribe the procedure carefully. Recall from §4 that we have actually been
working at the level of slices in the premoduli spaces. Thus the construc-
tion of the family of approximate solutions corresponds to a diffeomorphism
K1 ∶ S∞ → Sapp, while the deformation to a true solution corresponds to a
further map K2 ∶ Sapp → S. The parametrization of a neighborhood in M′
by a neighborhood inM′∞ is represented by the composition K2 ○K1, while
the diffeomorphism F is induced by K−12 .
We must do two things: first we show that K2 is indeed smooth, and
second, we compute the induced map on gauged tangent vectors.
The first of these is a straightforward extension from the original existence
theorem. Indeed, we obtain the complex gauge transformation γt for which
exp(γt)(Sappt ) = St by writing the first part of the hyperka¨hler moment map
µ as a nonlinear map acting on γ and expanding this equation in a Taylor
series about γ = 0. This takes the form
Ltγ = µ(Sappt ) +Q(γ),
where Q is a smooth function of γ (but not its derivatives) which vanishes
quadratically as γ → 0. The map Lt is invertible as a map on hermitian
infinitesimal gauge transformations for each Sappt , and it is a standard matter
to show that its inverse depends smoothly on Sappt . Furthermore, the error
term µ(Sappt ) is C0-bounded by Ce−βt. The inverse function theorem applies
directly to prove that there exists a smooth map
T ∶ B → Ω0(X, isu(E)), Sappt ↦ γt = T (Sappt ),
defined on the ball B ⊂ Sapp about 0 of some radius C ′e−βt, such that
µ(exp(T (Sappt )) ≡ 0.
This proves the first claim.
The next step, which is slightly more difficult, is to show that if vt =(αt, ϕt) is a tangent vector to the premoduli space of approximate solutions
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which satisfies the gauge fixing condition, then there is a well-defined tangent
vector v′t = (α′t, ϕ′t) to the space of solutions of the Hitchin equation which
is also in gauge, and moreover that
∥vt − v′t∥ ≤ Ce−βt
for some β > 0.
This map is a composition of dK2 and a further map to put the result into
gauge. Thus supposing that vt satisfies the gauge condition, we first note
that the estimates for the field γt imply that ∥(dK2 − Id)vt∥ ≤ Ce−βt. The
fact that vt is in gauge with respect to S
app
t means that dK2(vt) is nearly in
gauge with respect to St, or more specifically, the correction field ξt satisfies(D1t )∗(dK2(vt) −Dt1ξt) = 0, i.e.,
Ltξt = (Dt1)∗dK2(vt).
Using that the operator norm of L−1t is uniformly bounded in t, cf. [MSWW14,
Proposition 5.2], it then follows that ξt is bounded in norm by Ce
−βt, and
hence the gauged image vector dK2(vt) −D1t ξt is within this exponentially
small distance from vt.
The conclusion of the above estimates is that the gauged tangent vectors
to M′ are exponentially close to the gauged tangent vectors to (Mapp)′.
By identifying M′ via the diffeomorphism φ in (6) with a torus fibration
over (0,∞) × S ′ we decompose
TM′ = T rM′ ⊕ T hM′ ⊕ T vM′.
Here the radial subspace T rM′ is spanned by horizontal lifts of ∂t, T
hM′ is
spanned by horizontal lifts of tangent vectors to S ′, and T vM′ is the vertical
tangent bundle. Let T r,∗M, T h,∗M and T v,∗M denote the respective dual
bundles.
The exponentially small correction from Mapp to M constructed in this
section, combined with the vertical, horizontal, and radial metric estimates
of sections §§7–9 imply finally the
Theorem 10.1. There is a decomposition
gL2 − gsf = hrr + t2hhh + hvv + hrv + thrh + thhv
where
hrr ∈ Γ(⊙2T r,∗M′), hhh ∈ Γ(⊙2T h,∗M′), hvv ∈ Γ(⊙2T v,∗M′),
hrh ∈ Γ(T r,∗M′⊙T h,∗M′), hrv ∈ Γ(T r,∗M′⊙T v,∗M′),
hhv ∈ Γ(T h,∗M′⊙T v,∗M′)
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with convergent expansions
hrr = t− 53 arr +O(e−βt), hrh = ∞∑
j=0
t−(3+j)/3a
j
rh
+O(e−βt),
hhh =
∞
∑
j=0
t−(2+j)/3a
j
hh
+O(e−βt), hrv = ∞∑
j=0
t−(3+j)/3ajrv +O(e−βt),
hvv =
∞
∑
j=0
t−(2+j)/3ajvv +O(e−βt), hhv = ∞∑
j=0
t−(2+j)/3a
j
hv
+O(e−βt)
where arr, a
j
hh
, ajvv, a
j
rh
, ajrv and a
j
hv
are t-independent tensors.
Inserting the expansions for these various parts one obtains Theorem 1.2
as stated in the introduction.
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